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αβ
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αβ
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s?Sl30��mi��d{|05n5eoikjml)�#(�& {|0mlhl)�#(}& ��(c= �`lh=�l)0m<xi|0y{|��4z0�nmjE=z�@2)0mlh&)�he�lh&;~ l30W(�=�{keoik&
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l;eg�;nm2h=6lh=64)* �d2)0m4ml)&h4z08~[1h230545:�� &�i3e�45:�� �)0m?onm&[2)&h? :;l)<>=64
�.(c= �`lh=W1)2;=z? i3e {|&;n6j �
<60m<K&;wy(ce�l)&;n6? ~`=z?onm��4z05l)&;e�1h2)&�wy06(ce�lhe 1h2h=mn5=zlhlh=6�E?@4me�267;n5e�<;:;�he�?onm&-l)0 lhe��hnm2h=6lx�
lx:�� � &�=6�6230�nmlh= � *

� ��� � ����
 ��� ����� � � � � ��� ����� � � � � � � � ��
�� 
�� 
 �

�C�%�6e�2heg(�(�=�{keoikj`?@4me�267;n5e�<;:;�;eg?onm&I1)2h=mn5=zl;=z4 �
β =

# $ %�$ '�&;ik& ) � &Q2)0m?@?�(c=6nm2)&)(wy0546&h?�&)(c=z?onmj�45e�267hl)&x7E<)2h&)4m�d7E=z?onm��4z05l)&x~�=6n/(�=�{keoi3e��9?@4me�267;n5e�<;:;�;eg?onm&9lhe��;n62;=5�
l;=z4

α
l30/2h&)?m* qm* �gu.qm* q8t *

��2h&)4m��e9=6?onm�#460mlh&;~
bβ

1)2;=g7>=�{3~hn lh&��+eI<)2h&)4m�d7
aβ
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� ?�(%* �yl3051)2h&3(ce�2 �

��<>=64�i3e�4`&I{|2 * � q ��� � q � � ��� � q � � � � * �C?oeS1h2h=6�)&;e�l;eg�;nm2)&)lhl)�%e/2;ey05<)fh&)& ?�:;�305?onm&heg(
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M = 1.1M�
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a
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n5e�<;:;�;eg?onmj �'lhe��hnm2h=6lh=64

a
&;i3&

b
*;� 08w@ik&)�h&he
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aβ
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bβ
wy0546&h?@&hn
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β
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β = a<
β = b
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β = c

4m<;ik08{
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Tc ∼ 2 × (108 − 109)
s � ?g(%* �kl3051)2)&)(ceg2 � ��<>=z4�i3e�4�&�{k2 * � q � � � � � q � � � � * �2;e@w@:mikjyn�0�n5e`2308w@ik&)�h&heK(ce���{3: <)2)&h46�#(�& =6?on6��460mlh&;~

aβ
&
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�@n5=>(N=6?�l;=z4mlh=6� lhe��;n62h&)lhl)��� 1h2h=6fhe�?@?Q?I&x7�:;�305?onm&heg( u nm=623(c=5wglh=me�&xw�ih:;�he�l)&;e
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�H2 � �_460Wnm&)130I(c=g{keoi)eg� ?@45eg267;n5e�<;:;�;e�?@nm& lhe��hnm2;=zl;=z4I& 1h2h=mn5=zl;=z4I?o=z� i|05?o:���n8�? ~�? l30��mi��d{3e�l)&;~3(�&In5e�1;i)=z45=6�@=K&xw�ih:;�he�l)&x~Q&;w�=yik&h2h=64z05l)lh�d7�lhe��hnm2h=6l)lh�d7Iwg45e@wo{ *
��=���1he�2h46�$7 � �@nm=�(c=g{3e@i3& ?�&xikjmlh=6� ?@45e�267;nme�<x:;�he�?on6& 1)2;=6n5=6lh=64 � n6&h130 	 � & ? i|0y�
�m=z� � &;i3&E1h=yi3lh=6?on6j � =6nm? :xnm?@nm4�:����+e�� � ?@45eg267;n5e�<;:;�;e�?@nm&9l;eg�;nm2h=6lh=64 � nm&)1)0 � &;ik&
% � �+("05< ?@&3(}08ikjml)�#(}&�1h=-~x{|2x:�wy45eowo{|�'wyl)0y�he�lh&;~3(}&�<)2)&;nm&)�he�?@<)& 7[n5eg(�1he�230�n�:;2 �

Tmax
cp

>∼ 4 × 109 s &
Tmax

cn
<∼ 2 × 108 sS*#�C=���45n5=z2h�d7 � �@n5= (c=g{keoi3& ?@&;i3j6l;=z�

?@45eg267;n5e�<;:;�;e�?@nm& l;eg�;nm2h=6lh=64 � nm&)130�� � & ? i|0��6=6� � &;i3& 1h=yi3lh=6?on6j � =mnm? :xn6?onm4�:��#�
�_e�� � ?�45e�267;n5eg<x:;�he�?onm&S1h2h=mnm=6lh=64�? Tmax

cn
>∼ 5×109 s &

Tmax
cp

<∼ 2×108 sS*6�9=�{keoik&
1;eg2h4m=6�o=9nm&)130I1)2;eo{k?on�0m4�i)~ ��nm? ~ �6=gi3e@e�2heg08ik&h?@nm&h�)l)�#(�& *c� �305?@nml;=z?onm& ��=6n6(ce@nm&3(
l;eo{|0m4ml ��� 230��6=mn�: �N4me�l)<60�& �+2h&3(}0ml)0 � q �mt � � 1h2he {|?@<60�wg��4z0����_:�� =6? i|0��5i3e�l)&;e
nm2)&h1;i)e�nml;=z�o=K?@13052)&)4605l)&;~Il;e��hnm2h=6lh=64 �gv�v�e�<hn�0m(�&Q?@2;eo{k��*

�H� � �9=g{keoi3& :h(ce�2he�l)l;=z� ?@4me�267;n5e�<;:;�;eg?onm& lhe��hnm2h=6lh=64 � nm&)1)0 � &xik&g% � & x8&;ik&:h(ce�2he�l)l;=z�+?@4me�267;n5e�<;:;�;eg?onm&�1h2h=mn5=zl;=z4 � nm&)130US � ?%(}0m< ?@&)("08ikjml)�#(�&�<h2)&hnm&h�he�?@<)&x�(�&�nmeg(�1he�2)05n�:;230m(�&
Tmax

cn

&
Tmax

cp

4`&hlhn5e�2)460�i)e+=mn ∼ 2 × 108 {3= ∼ 4 × 109 sNl;e
?o=6� i|05? :���nm? ~ ?�l30��5i �${ke�l)&x~k(�& �"1)2;e �S{ke 4m?oeg�o=
��(c=yi)=g{|�$7 & l305&h�m=yi3e@eQ�o=z2z~)�)& 7
l;eg�;nm2h=6l)l)�$7 wg45eow@{ bvj �zp 
>tmt�u �zs6pmpQ& qo\ qyt5p�� *��8u � t�p��;*c� {|l305<>=
� <60m< �5:5{ke@n[1;=5�
<60�wy05lh=-4W� i|054me/t � ?g(%*kn�0m< �+e � �>p � q�
 � � � �|? :��_e�?@nm4�:ze@n/{k=6?on�05n5=6�)l;=E: wy<608~�=m�mik0m?onmj1)0m2)06(ce@nm2h=64 (c=g{keoikjmlh=6� ?@45eg267;n5e�<;:;�;e�?@nm& l;e��hnm2h=6lh=64 & 1)2;=6n5=6lh=64
� 1)2)& <>=mn5=z2;=z�
?o=6� i|05?@&heKn5e�=62)&h&�=6?on6��460mlh&;~�?El30��5i �${ke�l)&x~k(�& ?on�0ml;=z4m&hnm? ~�45=mwy(c= �`lh� ( & {)i)~
:h(ce�2he�l)l;=z�9?@45e�267;nme�<x:;�he�?on6&Ilhe��;n62;=zl;=z4 �

Tmax
cn ∼ 6 × 108 � � *�H8 � �$&;i3j6l)0�~�n62h&)1xi3e@nml308~�?@45e�267;nme�<x:;�he�?on6j lhe��hnm2h=6lh=64�nm&)1)0t% (c= �+e�n�wy06(ce@nmlh=:z?@<>=z2z~hnmj�=z?onm��4z05l)&;e lhe��hnm2;=zlhl)�$7`wy45eowo{K?@2he {|l;eg�o=�4m=5wg2305?@n�0 �

103 <∼ t <∼ 105 i3e@n �1;=[?@230546l;e�l)& � ?o=[?@45e�267;nme�<x:;�he�?on6j � n6&h130 � {3ih~ n5e 7 �+eKw8054m&)?@&3(c=6?@n5e��
Tcn(ρ)

*
��2h& ?@&;ikjmlh=6� lhe��;n62;=zlhlh=6� ?@45e�267;nme�<x:;�he�?on6&[nm&h130I� �

Tmax
cn

>∼ 5 × 109 � � & ? i|0y��m=z� 1h2h=mnm=6l)l;=z� ?@4me�267;n5e�<;:;�he�?onm& �
Tmax

cp
<∼ 2 × 108 � � n5e@=z2h&;~ :	�+e lhe (c= �+e@n

�6��nmj ?o=6� ik0m?o=64z05l30 ?Ql)05�5i �${ke�l)&x~k(�& &)?on5=6�)l)&h<>=z4 bZj �6p�
zt6t@u �>smp6p � qo\ qyt5p�� *��8u
� t5p � �>� 5 b � q�p ��� u � t�& bvj �zp��6t�p;*��8u;s;qyt � �6l)0m&;�6=yi)e@e��o=z2z~)�)& 7�{)i)~`?@45=6e��o=�45=mwg2)0m? �
n�0;*;��ih~Ei ���6�d7�(c=g{keoi3e��9?@&;i3j6l;=z��&xik&E:h(ceg2;e�l)lh=6��lhe��hnm2;=zlhlh=6�Q?@45eg267;n5e�<;:;�;e�?@nm&
1;eg2;e 7>=g{S=mn�?@45e�267;nme�<x:;�he�?on6&_nm&)1)0 � <�?@45e�267;nme�<x:;�he�?on6&_nm&)1)0]% nm=gikjm<>=�:z?@&;ik&h4z0�e@n
2)0�w@ik&h�)&x~�nme@=62)&h&Q&�l30��5i �${ke�l)&h� *

��2;=z45e {ke�l)lh�#��0ml)0�i3&;w ~)45ih~)e@nm? ~�:;1h2h=��+e�l)lh� (��|1h=6?@<>=yikjm<;:I(�� 2305?@?g(c=mnm2heoik&
n5=yi3j6<>= ~x{|230 l;eg�;nm2h=6l)l)�$7 wg4meowo{ � ?@=6?on5=y~��+&heW&;wIl;eg�;nm2h=6lh=64
��1)2;=6n5=6lh=64 & � i)e�<x�



nm2h=6lh=64 � 1h2he�lhe@�62he�� 0�~�45=mwy(c= �`l;=z?onmj�� ? :��+e�?onm4m=6460mlh&;~��@&h1he�2h=6lh=64
�m1)&;=zlhlh=6�@=�&;ik&
<605=6l)l;=z�o= <>=zl {ke�l)?�0�nm=64 ��&;ik& <h4z052)<>=64m=6� (}05n5e�2)&h& � * ��=yi)e@e n5=6�@=
��(�� 4m���62308ik&
n5=yi3j6<>=S=g{|l;=S:;23054mlhe�l)&;e�?o=6?@n5=y~)l)&x~E45e��+e�?onm4z0�~x{ke�2Wl;eg�;nm2h=6l)l)�$7Ewg45eow@{�� ?�(%*h2)0�wo�
{3e@i qm*,t * s � & 1h=�{k=m�zlh��eE{|2x:;�-{|2x:;�o: 1h2h=6v�&xik& <h2)&hnm&h�he�?@<)&x7�n5eg(�1he�230�n�:;2

Tc(ρ)l;eg�;nm2h=6lh=64[& 1)2;=6n5=6lh=64[4I~x{|2;eKwg45e@wo{k��* �$0m2h&305f)&)& :;2)0m4mlhe�lh&;~ ?o=6?onm=g~3lh&;~ � 1)2)&
n5=z( �+e
?o=6?@n�0545e 4me��_e�?@nm460 � 1)2h&)45=g{3~hn+<-?�(ce��+e�l)& � 1h=62h=6� 0�4m<;i � �;e�l)&;~E(c=��+lh=6�o=
1h2z~k(c=6�@=�:;2)<608� 1)2;=zf;eg?@?�0 � < &xwy(�e�l;eglh& ��4meoik&h�)&hl

ρD
&

MD � *��d052)&)0mfh&)&_1)2;=zv�&;i)eg�
Tc(ρ)

� ? ?o=g7h2305lhe�lh&heg( &x7�=6���+e��o= 4m&x{|0 � 1)2)&K4m�#?o=6<)&x7 Tmax
c

>∼ 2× 109 �'45e {3:xn_<
? {|4m&)� 0m( 76052305<hn5e�2)lh�d7Wwgl30y�;eglh&)�

ρ
�31h2)&�<>=mnm=62)�$7�?@45e�267;nme�<x:;�he�?on6j/=6? ik05�me�4z0�e@n�&

1;eg2;e�?@n�0�e@n 1h=�{.0545ih~)nmj+(c=��+lh=me lhe��;n62h&)lhlh=me
&;w@i):;�;eglh&he6*;� nm=+&/{|2x:;�@=me�1h2)&h4m=g{k&hn
<�? {|4m&)� 0m(�@2305l)&h�)l)�$7 wgl30y�;eglh&)� ("05?@? �}2)0�wo{3e@ih~����+&x7 nm2h& nm&)130 =z?onm��4z0����S& 7
l;eg�;nm2h=6l)l)�$7 wy45eowo{ � ?�(%*c��06(�&)lh<>e�2 & {k2 * � � � � � � lh=�lhe-(ceglx~)e@nI=z?@l;=z4ml)�$7 46��45=5�{3=z4�{|0mlhlh=6��230��6=mnm��*;��:��_eg?onm45eglhlh=
�6�;nm=_1h2h=6?onme�� ��08~K(c=g{keoi3j�lhe��hnm2;=zlhl)�$7/wg4meowo{
?`?@&;i3j6l;=z� ?@45e�267;nme�<x:;�he�?on6j � 1)2;=6n5=6lh=64 � {.0 �+eW�meowW?@45e�267;nme�<x:;�he�?on6& lhe��hnm2h=6lh=64 �?@1h=6?o=6�6l30+=6� � ~3?@lh&hnmj�&3(ce����S&;e�? ~9l)05�5i �${ke�lh&;~ *

��i3e {3:6e@n {k=m�>0546&;nmj
�%�hn5= =6?onm�#460mlh&he lhe��;n62;=zlhl)�$7 wy45eowo{ wy0546&h?@&hn n�0m< �+e =mn
� ?@&hl)� i)e@n6l;=z� � ?@4me�267;n5e�<;:;�he�?onm&�l;eg�;nm2h=6lh=64W45=W4ml;:xnm2he�lhlhe��[<>=62he wg4meowo{|���3=6nW(}0m� �lh&hnmlh=6�o= 1h=yih~ 4Q?g0m(��d7 4mlhe��+l)& 7 ? i3=y~x7 wg4meowo{|����0In�05<��+eW=mn[l)0�i3&)�)&x~ &;i3& =mn��
? :xnm?on64m&;~ 1;=z45e�267hlh=6?on6l;=z�o=�? i3=y~[i)e���<h&x7 � i3eg(ce�lhn5=64�� ?�(%* � l)0m1h2)&)(�e�2 ���
=6n5e 7h&)l &
{k2 * � qyt � � � *)� {|l305<>=
�h<60m<E1h230546&xi3=
���@nm&9v�05<hn5=62)� =6<z08wg�#460 ��n+�m=yi3e@e�? ik05�m=6e�4�ik&x~;�
lh&hedl)0 =z?onm�#4605l)&he �y�;eg(�2305?@?g(c=mnm2he�l)l)0�~+l)06(�&_?@4me�267;n5e�<;:;�he�?onmj l;:;<xi3=6lh=64 4 ~;{k230y7
l;eg�;nm2h=6l)l)�$7�wg45eow@{ *��9� lhe}:;�)&;n6��460�i3&+& 7 �g=6��2)0mlh&)�h&)460�~)?@j#2)0m?@?�(c=6nm2he�lh&heg(�n5=yi3j��
<>= ��v�v�e�<;nm=64�?@45e�267;nme�<x:;�he�?on6&�4
~x{|2)087+wg4meowo{�*6��0 �S0
1h2h=6�@230m("(}0 =z?onm��4z05l)&x~�i3e�� �
<>= 1;=mwg45=yi)~he@n &x7 :;�he�?onmj
�c& �@n5= (�= �Se@n �6��nmj lhe@=m�57z=g{k&3(c=Q{3ih~ &)l;nme�2h1)2he@n�05f)&h&
=mn�{3e@i3j6lh�d7�&)?on5=z�hl)&h<>=z4 � 1)2he���{3e 4m?@e��o=�=m� � eg<;n5=z4 �zl305&h�m=yi)e�e �o=z2z~)�)& 7S{)i)~K?@4m=me��o=
45=mwg2)0m?on�0 � l)0m1h2)&3(ce�2 �.� =6n5e 7h&)lI&9{k2 * � q8t � � � *k��?on6��460mlh&he_lhe��;n62;=zlhl)�$7�wg4meowo{�(c=5�
�+e@n n�0m< �+e�w8054m&)?oe@n6j�=6n+(ce 7605l)&;wy(c=64�1h=g{3=z�@2;eg460�wg45e@wo{ �z?@45~;wy0mlhlh=6�@=
�6l)0m1h2)&)(�e�2 �>?
4�~hwg<>=6�-{|&h?�?@&h1305f)&he�� ��lhe�2)�@&h&E{k&)v�v�e�2he�l)fh&308ikjmlh=6�o=W4m230��+e�lh&;~ � ?�(%* �)l3051)2h&3(ce�2 �
��0 � � qmq � �oq8t�p�� � *�� =g{|�;eg2h<)l;ey(�� �;nm=In�05<)&heK(ce 7605l)&xw8(�� 1h=�{k=6��2;e�4z09(c=g{3e@i3j6l;=9w80y�
4m&)?@&3(���*.� n5= �+e_4m2heg( ~ �3&)(�e����+&he�? ~Il)05�5i �${ke�lh&;~�(c= �`lh=K=m� � ~)?@l)&hnmj`&��6eow_& 7
1h2)&)4�i3e��;eglh&;~ *
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� � i|054me q �>2)0m4mlh=+<60m<K&-4 �m=yikj �+&)l)?onm45e
230��6=mn+1h=6?�4�~ �+e�l)lh�d7/n5e�=62)&h&-=6?on6��460mlh&;~
l;eg�;nm2h=6l)l)�$7/wg45eow@{ ��{)i)~�=m� � ~)?@lhe�l)&x~/l)05�5i �${ke�lh&)�`l305&h�m=yi3e@e%7>=yi)=g{|lh�d7/&;w�=yi3&)2;=5�
460mlhl)�$79l;e��hnm2h=6l)lh�d79wg45eow@{�1)2)&h45i)e�<z08ik? ~91)2z~3(c=z�W:;2h<z0y��1h2h=6fhe�?@?�&xik&9e��o=/05l308i3=6�
4 ��<xwg=mnm&)�;eg?@<h&x7/v�08w80y7`45e��+e�?onm4z0 � 1)&;=zlhl)��� x8<z0�=6l)l)���K<>=zl {ke�l)?�0�n��z<h4z052)<>=645=6e 4me �
�_e�?@nm45= � *� ��n5=6� � ik0m45eW1h2he {3i)= �+e�l l;=z4m��� ?�f;e�l3052)&)� =6?on6��460mlh&;~ l;eg�;nm2h=6l)l)�$7 wg45e@wo{ *
��� &)?@1h=gikj�w�:6eg('1)2h=6?on5=6eK:;230546l;eglh&he-?o=z?on5=y~)l)&;~ {3ih~ 45e �_e�?on6460�?�45e�267 � ~;{3e�2)lh=6�
1xi3=mn6l;=z?onm& � ��: �_e�l & � ��l)?oeoi � � � � � �%?o=z?on5=y~ �+e��o=�&;w l;:;<;i)=zl;=z4 � � i3e�<hnm2h=6lh=64 &
( ��=6lh=64)* 	Cn5=/:;230546l;e�l)&he�?o=z?on5=y~)l)&;~Ww8051)2;e���0�e@n/1)2z~3(c=z�W:;2h<z0y��1h2h=6fhe�?@?
{)i)~�4m?oeo7
?on�0��z&xikjml)�$7I<>=zlhv�&h�o:;2)0mfh&)�Ilhe��hnm2;=zlhl)�$7�wy45eowo{�*|�9� 1;=z<60 �Seg(��3�hn5=�:z?�<>=62he�lhlh=me
=6?on6��460mlh&he �}nm2;e��5:����_e�e�? ~ {)i)~ =6� � ~3?@l;eglh&;~ l)0m&;�6=yi)e@e97z=yi)=g{|lh�d7 wg4meowo{ ��(c= �+e@n
�6��nmj =6�5:>? i3=645i)e�lh= lhe��hnm2)&hl)lh� ( ��l;eg2h�o=z4m�d{3eoi3e�l)&;ey(1h2)& <x:;1he�2h=646?@<>=z(N?�1)0m2h&x�
460mlh&)&[l;e��hnm2h=6lh=64)* �
=g{k�he�2)<hlheg(��|�;n5=E1)2;e {3i|05� 0�ey(�����?@fhe�l)0m2h&)�[45=mwy(c= �+e�lIn5=yi3j��
<>= 1h2)& =61)2he {3e@i)e�l)lh=6� wy0m4m&)?@&)(�=6?onm& <)2)&;nm&)�he�?@<>=6� n5eg(�1he�230�n�:;2)� lhe��;n62;=zl;=z4[=mn
1xi3=mn6l;=z?onm& *

tx* q �df;e�l3052)&)��=6?@nm��4z05l)&x~

� ?o=m=6nm45e�nm?onm46&h& ?`1)2)&hl;~hnm� ( :;230546l;e�l)&heg('?o=z?on5=y~)l)&x~ ��: �_e�l309& � ��lh?@eoik0 � � � � �
~x{|2)0�lhe��hnm2h=6l)lh�d7`wg45eow@{ � =m�5i|05?@nm&K?�1;i)=6nml;=z?onmj��

ρ > 1.3×1014 � ?�( −3 � ?o=z?on5=y~hn&xw%lhe��hnm2;=zl;=z4�?d1)2h&3(ce�?�j � 1h2h=mnm=6lh=64 ��� i3e�<hnm2;=zl;=z4�&�( ��=6lh=64
�81h2)&h�heg( ( ��=6l)� 1;=5�
~)45ih~���nm? ~�ik& �Sj�1)2)&`1xi3=mn6l;=z?on�~;7

ρ > 2.03×1014 �#?g( −3 *x�I0m< ?@&)("08ikjml308~��@2)0m4m&x�
n�05f)&;=zlhl308~_(}0m?@?�0%?@n�0��6&;ikjmlh=6��l;eg�;nm2h=6l)lh=6��wg4meowo{|� 23054ml30

M = Mmax = 2.05 M�
�

f;egl;nm2308ikjml308~[1xi3=mn6l;=z?onmj-n�05<>=6�Qwg4meowo{|�
ρc = 2.9 × 1015 � ?�( −3 �.0�e@e�=6<)2;:	��l)���



Curve

number

�c&)?m*Ctx* q�� � 	�� ��� �%� 0546&h?�&)(c=z?onmj <h2)&;n6&h�he�?@<>=z� n5eg(�1he�230�n�:;2)� 1h2h=mnm=6lh=64 � (c=g{3eoikj
? q � &/l;e��hnm2h=6lh=64 � (c=g{3e@i3j��A��q � =6n�1;i3=mnmlh=6?on6&`4 ~;{k2he#lhe��hnm2;=zlhlh=6��wy45eowo{|� � 45e�2hnm&x�
<60�i3j6l)0�~ �_n62h&x7 � 1;:;l)<;nm&)2)l)0�~_i3&)l)&x~�=m�6=5wgl30y�)05e@n#fhe�lhnm2)0�i3j6lx:���1xi3=mn6l;=z?onmj :z?@n5=6�x�
�h&)45=z� wg4meowo{|� ("05< ?@&3(}08ikjmlh=6��(}05?@?���* � � � ����� � �+05l)l)�%eEl)05�5i �${ke�lh&)� � n�05�5ik&hf30
q � &En5e�=62he@nm&)�;e�?�<h&he�<)2)&h46�%e�=z?onm�#4605l)&;~94m=6?@jz(�&El;eg�;nm2h=6l)l)�$7Ewg45eow@{ ��q u�
 � ?�2)0�wo�i3&)�)lh� (�&'(}05?@?g0m(�& *#�$1;i3=��+l)�%e i3&)lh&)& =mnmlh=6? ~hn6? ~ < lhe��hnm2;=zlhl)�#( wg4meowo{.0m( ?o=
?@45eg267;n5e�<;:;�;e�?@nmj � 1)2;=6n5=6lh=64 q�? & l;eg�;nm2h=6lh=64 q���� � ?�(%*ci3e�45:�� �)0m?onmj 2)&)? :;lh<z0 � *��=z�;eg�hl308~ i3&)lh&;~ �91h=6<z08wy0ml)0E{)i)~ lhe�?@4me�267;n5e�<;:;�he�� wg45eow@{k��* ��=Q46?on�0546<>e-1)2h&)45=5�
{k&hnm? ~�n�0��mi3&)f)0K(}05?@?�&�fhe�lhnm2)0�i3j6lh�d7I1xi3=mnmlh=6?@n5e���{)i)~9wg45e@wo{ q u�
;*

2)08{k&;:z?
R = 9.99

<)(�*�� egl;nm2308ikjml)�%e`1;i3=mnmlh=6?on6& & (}05?�?@� {)i)~ 4m=6?@jz(�& (c=g{keoi)eg�
l;eg�;nm2h=6l)l)�$7[wg45eow@{ � ?�(}05?@?g0m(�&�=mn qm* qmq6q

M�
{k=[q6* � ���

M� � {.05l)� 4Wn�05�5ik&hfhe�l30
1h23054m=6���305?@nm&I2)&h?6*ktx* q6*

�+&xwg&)�he�?@<60�~�(c=g{3e@i3j[=z?onm��4z0����+e�� lhe��hnm2;=zlhlh=6� wg4meowo{|��� 4 230m(�<z0y7 <>=mn5=z2;=z�
1h2h=64m=g{k&;i)=z?@j�{.05l)l;=6e�&)?@? i)eo{3=z4605l)&he �z?on�05lx{|0m2;n6l)0h* 	$v�v�eg<;nm���x?@45~;wy0mlhl)�%e�?�1;=y~348�
i)eglh&heg( ( ��=6lh=64[:;�)&hnm��4z08ik&h?@j 05l308i3=6�@&)�hlh= n5=>( : � <60m< �@nm= �6�di3= ? {3eoi|05lh= ��e��x�
�oe�2h=z( & {k2 *�� q 
�� *}��� l;eE1)2;e {|1h=gi|05� 0�i3& l)0�i3&)�h&;~�05<)<)2;e�f)&h=6l)lh�d7 =6�m=yi)=z�;eg< &xw
i)eg�@<h&x7 � i3eg(ce�lhn5=64�l30/1h=645eg267hl;=z?onm&�lhe��hnm2;=zlhl)�$7�wy45eowo{ � 2308wo{keoi tx*rs � *�
=64m� ( � i3eg(ce�lhn5=>( {.05l)lh=6�W2)05�m=mn6� ~)45ih~)e@nm? ~�:;2)0m4mlhe�lh&he ?o=6?@n5=y~)l)&x~���: �_egl)0
&S� ��lh?@eoik0 � � � � * ��� 4m���62308ik&�&)(ceglhlh= �@n5=�:;2)0m4mlhe�lh&he�?o=6?onm=g~3lh&;~ �61h=6?@<>=yikjm<;: {)i)~
l;eg�o= (c=��Slh�#� 1h2z~k(c=6� :;2h<z0y��1h2h=6fhe�?@? � �_0�n5nm&3(ce�2 & {|2 *�� �;q � � w805<)2h��n�{)i)~ 4m?oeo7
?on�0��z&xikjml)�$7 <>=zlhv�&h�o:;2)0mfh&)��lhe��hnm2h=6l)lh�d7 wg45e@wo{ �

M ≤ Mmax � *C� ��n5=z(? ih:;�30�e



<h2)&)4608~`=z?onm�#4605l)&;~
T∞

s (t)
i ���m=z�Klhe�?@45eg267;n5e�<;:;�;e��Kl;e��hnm2h=6l)l;=z��wg4meowo{|� ?�("05?@?o=z�

M� <∼ M ≤ Mmax
�m:5{ke@n
1)2)0m<;nm&)�he�?@<)&�?@=64m130y{.0�n6j
?$n5=6�he��)l;=z�S<)2)&h4m=6��l)0 1)230545=z�

�)0m?onm& 2)&h?m*�t * qm*c��0Il;eg�;nm2)&)lhlh=6� ?@n�0y{|&h& =z?onm��4z05l)&x~ v�=623(}0 �@n5=6� � :;l)&h4me�2h?g08ikj8�
l;=z� �`<)2h&)45=z� �5:5{ke@n�=61)2;eo{3eoi)~hn6jm? ~ lhe��;n62h&)lhl)�#( &;w@i):;�;e�l)&heg( wy0I?@�he@n�(c=g{|&hv�&x�
fh&)2h=6460mlhlh=6�@=/:;2h<z0y��1h2h=6fhe�?@?�0h*h��lh&)45eg2h?�0�i3j6l)0�~I<h2)&)4608~Q=6?onm�#460mlh&;~Q1)2)0m<;nm&)�he�?@<)&
l;eg�x:;46?onm4m&hn5eoikjml30`<�:;2)0m4mlhe�l)& �N?o=z?on5=y~)l)&;~I4/~x{|2)087Il;e��hnm2h=6l)lh�d7Iwg4meowo{ � ��0 � &
	$1)1xik�oe��hn � q6q�
�� � {3=En5e 7 1;=z2 � 1h=6<z0-1)2z~3(�=6�Q:;2h<z0y��1h2h=6fhe�?@?_wy051)2he��_e�l *���0m<��6�di3=1;=z<60�wy05lh=W(�lh=6��&)(�&[054mn5=6230m(}&� ?g(%* �kl3051)2)&)(ceg2 � ��<>=64�i3e�4-& �
e@nm&)< � q 
ms��c&[?@?@�dih�
<h& n�0m( � ��&�<60m< ? i)e {3:6e�n &xw�2)&h?m*Ct * q � n�05<z08~�(c=g{keoi3j =6?onm�#460mlh&;~ �me@w@:z? i)=z4mlh= l;e
(c= �+e@n9=6� � ~)?�lh&hnmj�l30��mi��d{|05n5eoikjml)�%e/{.05l)lh��e6*���051)2h&3(ce�2 � �@n�09(�=�{keoikj�1)2;e {|?@<z0y�
wg��4z0�e@n�n5eg(}1;e�230�n5:;2h�

T∞
s

l)& �Se �>�;ey( :/&h?onm=6�)lh&)<60T� 5 b ��q�p � � u � t �5lh=_4m� �_e#�heg(
: 1x:6i3j6?�05230 4 ?o=mwg45e@wo{k&)& ��052;:z?@=64h*���i)~ n5=6�@=
���hn5=m�z� =6� � ~)?�lh&hnmj l30��mi��d{3e�l)&;~ �
l;e�=m��7>=g{k&3(c=�:;�;eg?onmj�?@4me�267;n5e�<;:;�;eg?onmj�l;:;<xi3=6lh=64`4�~;{k230y7�lhe��;n62;=zlhl)�$79wg4meowo{�*

��ih~S2305?��;e@nm=64�(}� 4m���62308ik&+=g{|lx:S(c=g{keoikj
?@&;i3j6l;=z�+?@4me�267;n5e�<;:;�;eg?onm&�1h2h=mn5=zl;=z4
� ?_(}05< ?@&3( :h(c=>(

Tcp(ρ)
1h=62z~x{|<60

Tmax
cp ≈ 7 × 109 s � &Qlhe�?@<>=yikjm<>=-(�=�{keoi3e��I:h(ce �2;eglhlh=6� ?@45eg267;n5e�<;:;�;e�?@nm& l;e��hnm2h=6lh=64 �

Tmax
cn ∼ 6 × 108 s � 49~x{|2he�wg45e@wo{k��* �
=mng~

�@nm& (c=g{3e@i3& ~)45ih~���nm? ~ v�egl;=>(ce�lh=gi3=6��&h�he�?@<)&)(}& �c=zlh& lheI1)2;=6nm&h4m=62he��30�n 2;eow�:mikj8�
n�0�n�06( (�&)<)2;=z?@<>=61)&h�he�?@<)&x7Qn5e@=z2h&)�� ?�(%* �.l)0m1h2)&3(ce�2 �|��=z(��z0526{k=-&G�:mikjmfhe � q�p>t � �
�N4me�l)<`&W�+2h&3(}0ml � q �mt � � *;�E=g{keoik&`1h2h=mnm=6l)l;=z�-?@4me�267;n5e�<;:;�he�?onm&D? q�&Klhe��hnm2h=6l)l;=z�?@45eg267;n5e�<;:;�;e�?@nm&z���@q�1)2)&h4me {3eglh� l30Si3e�45=z�9�)0m?onm&I2)&)?m*.t * qm*

�$&;i3j6l)0�~`1h2h=mn5=zlhl308~K?�45e�267;n5eg<x:;�he�?onmj�nm2he@�5:ze@nm? ~�{)i)~�n5=6�o=��m�hn5=6�6� wy06(ce {3i3&hnmj
=6?on6��460mlh&heS(}0�i)=>(}05?�?@&h46lh�d79wg45eow@{[?_(}0m?@?o=6�

M <∼ 1.1 M�
� n5=We�?on6j{� fhe�l;n62)0�i3j��

lh� (�&K1;i3=mnmlh=6?ong~3(}&
ρc <∼ 8× 1014 � ?�( −3 � *x� 0m<608~-(�=�{keoikj_?@4me�267;n5e�<;:;�;eg?onm&-�6�di|0&h?�1;=yikj�w�=z4605l30Q��0m(}&hl)<>e�2h=z('& {k2 * � ��� � * � ~;{k230y7 ("08i3=z(}0m?@?@&)4ml)�$7 wg45e@wo{ &3(ce@eg(

Tc(ρ) >∼ 3 × 109 sS*d��2;=6n5=6l)l)0�~ ?@45e�267;nme�<x:;�he�?on6j 1h=y~)45ih~)e@nm? ~�:	�+e[l30 2305l)l)& 7
?on�0y{|&;~x7�=z?onm�#4605l)&;~Kl;e��hnm2h=6l)lh�d7�wg45eow@{ �

t <∼ 1
�o=g{.0 � &�1h=g{|0m4�i)~he@n_(c=g{|&hv�&hf)&)2;=5�460mlhl)����:;2)<608� 1)2;=zf;eg?@? �m0�n�05<��+e�1h2h=6fhe�?@?�� lhe��;n62h&)lhlh=6�@=_&xw@i):;�he�lh&;~�1h2)&�1h2h=mnm=6lx�

1h2h=mnm=6l)lh�d7 & 1h2h=mn5=zl ��lhe��;n62;=zlhl)�$7 ?on5=yik<hlh=64me�lh&;~x7 *$� w@ih:;�he�l)&;e�lhe��hnm2)&hlh= 1)2)&
<x:;1he�2h=646?@<>=z( ?@13052)&h4z05l)&h& 1h2h=mnm=6lh=64 46<xi � �30�e@nm? ~ ? i3&��+<>=>( 2)0ml;= & ?on�05lh=646&;n��
? ~ lhe ��v�v�eg<;nm&)4ml)�#(4 lhe��hnm2h=6l)lh�d7 wy45eowo{.0y7 ?@2he {klhe��o= 4m=5wg2305?on�0 � nmeg(�1he�2)05n�:;2)�
<>=mn5=z2h�d7�(�� ?�2)0m4ml)&h4z0�eg( ?�n5e�=62he@nm&)�;e�?�<h&3(�&[(c=g{3eoi)~3(}&�=6?@nm��4z05l)&x~�* ��051)2;=6nm&)4 �
4m���62305l)l)0�~K?@45e�267;nme�<x:;�he�?on6j_l;eg�;nm2h=6lh=64+? ik& �S<>=z( ? ik05�z0�4_(}0�i)=>(}05?@?�&h46lh�d7�wg4meowo�



{|087 � ?�(�*%i3e�45:�� �305?on6j 2h&)?m*
t * q � ���hn5=m�z� 1h2h=y~)46&;nmj6? ~ l30 lhe��;n62h&)lhlh=6� ?on�0y{|&)&
=6?on6��460mlh&;~ *6�c05<60�~�?@4me�267;n5e�<;:;�he�?onmj�l;e 1;=g{.0545ih~)e@n�1)2h=6fhe�?@?%lhe��hnm2h&)l)l;=z�o= &xw@i):;�he �
lh&;~-1)2h&Elhe��hnm2;=zl ��lhe��;n62;=zlhl)�$7�?on5=yik<hlh=64me�lh&;~x7 �x<>=mn5=z2h�#�W?@n�05lh=64m&hnm? ~-=z?@l;=z4ml)�#(
l;eg�;nm2)&)lhl)�#(�(ce 7605l)&xw8(c=z( =z?onm��4z05l)&x~El;eg�;nm2h=6l)l)�$7Kwg4meowo{�* 	Cnm=mnS1)2h=6fhe�?@? wgl30y�h&x�
n5eoikjmlh=+? ik05�me@e �z�heg( (c=g{|&hv�&hf)&)2;=z4605l)l)���-:;2h<z0y��1h2h=6fhe�?@? � l305&h�m=yi)e�e (�=��+l)����{)i)~
l;eg?@45e�267;nme�<x:;�)&x7 wg45eow@{ � *���05< ? i3e {|?onm4m&he �d<)2)&h46�%e =z?onm��4z05l)&x~ (}0�i)=>(}05?@?�&h46lh�d7
wg45e@wo{+1h2h=g7z=g{)~)n ? :��_e�?@nm45e�l)lh= 46� �_e�:;l)&h4me�2h?g08ikjmlh=6� <)2h&)45=z� =6?on6��460mlh&;~ �81h=6?@nm2;=5�
e�l)l;=z�[{3ih~ l;e�?�45e�267;n5eg<x:;�)& 7 wy45eowo{�* 	
l308ik&xw9��06(�&hl)<>e�2309& {k2 * � � � �"1h=6<z08wg�#4605e@n �
�;nm= �@nm&[<)2h&)4m��e_=6?@nm��4z05l)&x~�n�05<��+eS? i3&)460 ��nm? ~�4`=g{|lx:9:;l)&)45e�2)?�08ikjml;:��N<)2h&)4�:��
� <h2)&h4z08~ q/l3092)&h?6*�t * q � � 1h2305<hnm&)�;e�?�<h& l;e�wy0m4m&)? ~�� :�� =mnE:;230546l;e�l)&;~ ?o=6?@n5=y~)l)&x~
4 ~x{|2;e[wy45eowo{|� & =6n <>=6l)<h2he@nmlh=6�@=�4m&x{.0 wy0546&h?�&)(c=z?onm&

Tcp(ρ)
*���lh&)45e�2)?�0�i3j6l)0�~
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<60m<I(}08i3=z("05?@?@&)4ml)�%e�=6?on6��460 ���+&he_l;eg�;nm2h=6l)l)�%e�wg4meowo{|��*
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�6230�nm&3(�? ~ n5eg1;e�2)j < l)05�5i �${ke�lh&;~3( l305&h�m=yi)e�e[7z=yi3=�{|l)�$7 {3i)~ ?@4m=me��@=�45=mwo�
2)0m?on�0 l;eg�;nm2h=6l)l)�$7 wg45e@wo{ � 1)2he���{3e 4m?@e��o=
� �@n5= 1;:mikjm?�0m2 4 ?o=5wg4meowo{|&h& ��052;:z?@=64 �
� 5 b �zpzt�p � � ����� �K& �zeg(�&)l)� 0 � * �
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w�=z( 46�%�6230�n6j (c=g{keoi3j :h(ce�2he�lhlh=6��?@45eg267;n5e�<;:;�;e�?@nm&�lhe��hnm2h=6lh=64 1)2)&�1;i)=6nmlh=6?ong~x7

ρ >∼ 8 × 1014 �9?�( −3 *$��0m?@?�(c=6nm2)&)( l)0m&;�6=gi3e@eI(}0m?@?@&)4ml;:�� l;eg�;nm2h=6l)l;:�� wg4meowo{3:
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 � l30�2h&)?m*xt * qm* �
e�l;n62)0�i3j6l)0�~�1;i3=mnmlh=6?on6j n�05<>=z�/wg45e@wo{k� 46� �_e
1xi3=mn6l;=z?onm& �m1)2h&/<>=6n5=62h=6�/&)?@�;e@wy0�e@n
?�45e�267;n5eg<x:;�he�?onmj�l;eg�;nm2h=6lh=64 � ?�(%*yi3e�45:�� �)0m?onmj
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QCP(ρ, T ) = q(ρ, T ) F (τ),
� t * q �



� {ke

q(ρ, T ) ≈ 1.17 × 1021

(
m∗

N

mN

) (
pF

mNc

)

×T 7
9 Nν aN erg cm−3 s−1,

� tx*�t �
T ≡ T9×109 s u_4ml;:xnm2he�lhl;~;~�n5eg(�1he�230�n�:;230
wg45eow@{k� � mN
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F (τ)

uEv�:;lh<)f)&x~
1)0m2)06(ce@nm230

τ = T/Tc
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F (τ)
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F (τ)1h2)&)45e {ke�l30 ��l)0m1h2)&)(�e�2 �C4 230��m=6n5e ��<>=z4�i3e�460 &�{|2 * � q � � � *C�d2)0�w@: 1h=6? i3eQ1h=g~34�i3e �

lh&;~ ?@45e�267;nme�<x:;�he�?on6&� nm=9e�?onmjE<>=6� {.0
T
=z1x:>?@<605e@nm? ~[�;:xnmj9l)& �Se � �;eg(

Tc � &)(�e@eg( �
F (τ) ≈ 4.71 (1 − τ)

*c��2)&
τ � 1

1h=gi):;�30�eg(
F (τ) ≈ 1.27 τ−6 exp(−2.376/τ)

*
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QCP(ρ, T )
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T � Tc
*
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r
{3=`fhe�lhnm2)0/wg45eow@{k� �

Tcn(r) = Tcm

{
1 − (r − rm)2

(∆rm)2

} � tx*rs �
1h2)& |r − rm| < ∆rm

� ?/("05< ?@&3( :h(c=>(
Tcm = Tmax

cn

1)2h&
r = rm � & Tcn = 0

1)2)&

|r − rm| ≥ ∆rm
*
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LCP � �
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T
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Tmax
cn = 108 � 3 × 108 & 109 sS*
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T < Tcm
�

LCP = 4π

∫ r2

r1

r2 QCP dr.
� tx* � �

�k{3eg?@j
r1
&

r2
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F (τ)
4�v�=z2)(c:mi3e � t * q � {3ih~ ��lhe�2)�o=646�${keoi3e�lh&;~ QCP
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q(ρ, T )
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F (τ)

(c= �`l;=91h=gi3= �`&;nmj
r = rm&

q(ρ, T ) = q(ρm, T )
� � {3e

ρm = ρ(rm) � *)��2h=6?on�0�~`wy06(ce�l30_1he�2;ey(ce�l)lh�d7`1)2)&h4m=�{|&hnn5e�1he�2)j�<�? i3e {3:����_eg(c:W4m�#2)0��+e�l)& � {3ih~
LCP

�

LCP = 8πr2
m ∆rm q(ρm, T ) τm `(τm),

� tx* � �
`(τ) =

1

2

∫ 1

τ

dτ ′ F (τ ′)

τ ′ 3/2
√

τ ′ − τ
,

� tx*r� �
� {ke

τm = T/Tcm
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`(τ) = (1 − τ)3/2
[
3.844 (1− τ) + 3.142 τ 2

+ 13.99τ(1− τ) +
25.4 τ 2.5 (1 − τ)2

((τ − 0.2493)2 + 0.03694)0.7

]
.
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� l)0�2305?@?onm=g~3lh&;~x7

r ≈ rm
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LCP

(c=5�
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<3(���fhe�l;n62)0�i3j6l;=z� 1;i)=6nmlh=6?onmj��
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4m��e
=6?on6��460mlh&;~�(}08i3=z(}0m?@?@&)4ml)�$7 ��qm* qmq6q

M� � &9(}0m?@?@&)4ml)�$7 ��qm* � ��� M� � wy45eowo{�?o=?@45eg267;n5e�<;:;�;e�?@nmj � 1)2;=6n5=6lh=64�? qd&S=g{klh=6�S&xw�?�45e�267;n5eg<x:;�he�?on5eg�+lhe��;n62;=zl;=z4 �5&;w�=6�6230y�
�+e�l)l;=z��l30_i3e�4m=6�9�305?onm&I2h&)? :;l)<60 �)?@230546lh&)460 ��nm? ~I?�l30��mi��d{3e�l)&;~3(�& *|�
?@nm��4z05l)&;e
(}08i3=z("05?@?@&)4ml)�$7`wy45eowo{Ilhe��;:;4m?onm46&;nmeoi3j6l;=�<9&)?@1h=gikj�w�:6eg(�� ( (c=g{keoih~k( ?@4me�267;n5e�<;:>�
�;eg?onm&+lhe��hnm2h=6lh=64 � wy0�&)?@<;i�� �he�l)&;eg( (�=�{keoik& ��� t�1h2)&

t > 3×105 i3e@n � *6��0�4m?@n�054m<>e�m=yi3e@eC{3e�n�08ikjmlh=�1h=6<z08wy0ml;=�?@2)0m4mlhe�l)&;e�<)2)&h46�$7�=z?onm�#4605l)&;~�(}0m?@?@&)4ml)�$7_wg4meowo{�?%l)08�
�5i �${ke�l)&x~k(�&�1;:mikjm?�0m2)0/4�?o=mwg45e@wo{k&)&I��052;:z?o=z4 �VlU�	�c� � *
l ��� ?@1xi3=��Slx:�� i3&)lh& � l30I2)&)?m* tx*rs;* � � (c= �+e@nQ�6�%n6jI=6� � ~)?�l;e�l 4Q230m(}<60y7 =g{|l;=z�=61)2;eo{3eoi3e�l)l;=z�S(c=g{keoik&Slhe��hnm2;=zlhlh=6�/?@4me�267;n5e�<;:;�he�?onm& *z�
e�2he��)&h? i3&3(�=6��2)0mlh&)�;eglh&;~ �
l)0m<xi|0y{|��4z0�eg(}�%e l)0/?�45e�267;n5eg<x:;�he�?onmj�lhe��hnm2h=6lh=64h*

� � � �d45e�267;n5eg<x:;�he�?onmj lhe��;n62;=zl;=z4 4 (}08i3=z("05?@?@&)4ml)�$7�lhe��hnm2h=6l)lh�d7�wg4meowo{.0y7�{3=yi ���l)0K�6��nmj9? ik05�m=6� *�� l30 �_ey( ? ih:;�30�e � {3i)~�:;230546l;eglh&;~ ?o=6?onm=g~3lh&;~���: �+e�l30`&�� ��lx�
?oeoi|0 � � � � � ��n5=�=5wgl30y�)05e@n �)�hn5= Tcn(ρ) <∼ 2 × 108 s 1)2h&

ρ <∼ 8 × 1014 ��?�( −3 *
��2h&Wn�05<>=>( 1)2;e {|1h=gi3= �+e�l)&h&9?�45e�267;n5eg<x:;�he�?onmjSl;eg�;nm2h=6lh=64�lhe�4�ik&x~)e@nSl30+=6?onm�d�

460mlh&he�(}0�i)=>(}05?�?@&h46lh�d7�wg4meowo{ �
M <∼ 1.1 M� � 1h= <h2305�)lhe�� (ce�2he ��l)0 lhe��hnm2h&)lx�

l;=z� ?on�0y{|&h& & lhe-1)2;eg1x~)nm?onm45:6e@n[l)0 �_e�� &)l;nme�2h1)2he@n�05f)&h& l)0m&;�6=gi3e@eK�@=62z~)�)&x7 {)i)~
?@45=6e��o= 4m=5wg2305?@n�0 &)?on5=z�hl)&h<>=z4 � 1h2he���{3e 4m?@e��o=
��&h?@n5=6�)lh&)<>=64 bvj �zp 
>tmt�u �zs6pmp &
� 5 b���qgp ��� u � t � *5�C=6=mnm4me@nm?onm4me�l)l;=���4m?oe$1;~hnmj <)2h&)4m�d7_=6?onm�#460mlh&;~�(}0�i)=>(}05?@?�&h46lh�d7



wg45e@wo{ � 1;=z?onm2h=me�l)l)�%e${3ih~/?@45eg267;n5e�<;:;�;e�?@n5e��Q����q uA�A� � � ? i3&)460 ��nm? ~�4 =g{|lx:+4me�267hl ���� ?@1xi3=��Slx:�� � <)2)&h45:��'=6?on6��460mlh&;~9l)0S2h&)?m*3t *rsh*)� {k&)lh?@nm45e�l)l)�#(�&h?@<;i � �;e�l)&heg( ~348�
ih~)e@nm? ~�(�=�{keoikj���� t�?�l305&h�m=yi)e�e#4m�#?o=6<)&3(�& � ?@2;eo{k&�(c=g{keoi)eg�Y����q uA�A� � � wgl30g�he�l)&x~k(�&<h2)&hnm&h�he�?@<>=z�[n5eg(�1he�230�n�:;2)�

Tcn(ρ)
1)2h& ("08ik�$7[1;i3=mnmlh=6?ong~x7 * � (}08i3=z(}0m?@?@&)4ml)�$7

wg45e@wo{|087 �@n�0�?@45eg267;n5e�<;:;�;e�?@nmj/1;=y~)45ih~)e@nm? ~W1)2h&
t >∼ 3× 105 i)e�ny*k�
2h=6fhe�?@?�&xw@i):;�he �

lh&;~-lhe��hnm2h&)lh=�1)2h&E<;:;1;eg2;=z4m?@<>=>( ?@1)0m2h&)460mlh&)&Wl;e��hnm2h=6lh=64S&-1h=g{|0m4�i3e�lhl308~-n5e�1;i)=5�
eg(�<>=z?onmj�lhe��hnm2h=6lh=64�wy0m(ce�nml;=�:z?�<>=62z~ ��n�=6?onm�#460mlh&he#l30
n�0m<h&x7�462;eg(�e�l)087 � 45e�267hl;~;~
<h2)&)4608~I&;w <>=62h=mnm<)& 7 �+nm2)& 7>=64 � *��� � �$4me�267;n5e�<;:;�he�?onmj lhe��hnm2h=6lh=64 {k=yi �`l30 �6��nmj :h(�e�2;eglhlh=6� 1)2)&

ρ >∼ 1015

�d?�( −3 �m?�(}05< ?�&)( :h(�=z(���1)2)& 7>=�{3~ �S&)(}? ~Sl30
1;i3=mnmlh=6?on6j Tmax
cn ∼ 6×108 s � (c=g{3eoikj

�A��q�l30-2)&)?m* t *rs �.?�1xi3=��Sl)0�~Qik&hl)&;~ � *�� �@nm=z( ? i):;�30�eS?�45e�267;n5eg<x:;�he�?onmjElhe��hnm2;=zl;=z4
?@45=6e�4m2heg(ceglhlh= 45=5wylh&)<605e@n 4[~x{|2;e�(}0m?@?@&)4mlh=6� wy45eowo{|��� =6�me�?@1he��)&h4z08~ :z?�<>=62he�lhlh=me
=6?on6��460mlh&he6* � 0546&h?@&3(c=z?onmj

Tcn(ρ)
1h=g{3=6�62305l30
n�0m< �z�hn5=m�z� =m� � ~3?@l)&;nmj�l30��mi��d{3e�l)&;~

l)0m&;�6=yi)e@e�7>=yi)=g{|lh�d7 {)i)~ ?@4m=me��@= 45=5wy2)0m?on�0 lhe��hnm2;=zlhl)�$7 wg45e@wo{ � 1h2he���{ke 4m?@e��o=
�
1x:6i3j6?�05230 4 ?o=5wy45eowo{|&)& ��052;:z?o=z4 & 1x:6i3j6?�05230m� 5 b �zpzt5p � � ��� � � � *���0 4m2heg(cegl)087
t >∼ (1−10)×103 i3e@n (}05?@?�&h46lh��e%wg4meowo{|� 4m�d7z=g{3~hn�l)0�05?�&)(�1hn5=6nm&h�he�?@<)&)�`2;e ��&3(
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 � *���? ik&[�6�nmeg(�1he�2)08�
n�:;230

Tmax
cn

�6�%ik0 ? i3e��@<z0[4m� �+e ���heg(
6 × 108 s � (c=g{keoikjJ��� s �

Tmax
cn = 8 × 108

s �;nm=6�he��hl308~[<h2)&)4608~ � �)n5=-1)2;=zf;eg?@?�&;w@i):;�;eglh&;~Qlhe��;n62h&)l;=W1h2)&I<;:;1he�2;=z4m?@<>=>( ?@130y�
2h&)460mlh&)&�lhe��hnm2;=zl;=z4 �)l30g�3054�230��6=mn�05nmj�4��m=yi)e�e�(c=yi3=�{|�$7Wwg45e@wo{|087 �;?@n�08i��6�'(cegl;e@e
��v�v�e�<hnm&)4ml)�#(1)2h&

t ∼ 104 i)e�n � �;nm= wy0�n62x:m{kl)&xi3= �z� &hlhn5e�2)1h2he@n�0mfh& � l)05�5i �#�
{3eglh&)�I1;:mikjm?�0m2)0/4K?o=5wg4meowo{|&h&Q��0m2x:>?o=64)*h�c05<>=z�E76052305<hn5e�2I=6?on6��460mlh&;~�i3e��@<>=�=6� � �
~)?@l;~he�nm? ~ 1)2h&�1;=>(c=��S& ?o=m=6nmlh=��_eglh&;~ � t * 
 � *���? ik& �z� n5eg(�1he�230�n�:;230

Tmax
cn

�6�di|0
? i3e��@<z0�l)& �+e/�heg(

6 × 108 s � (c=g{keoi3j ��� ���
Tmax

cn = 4 × 108 s �|<)2h&)460�~[&;w {3i3&)lx�
lh�d7 �+nm2)& 7>=64 � �zn5=S1h2h=6fhe�?@? &xw�ih:;�he�l)&x~Klhe��hnm2h&)lh=+1h2)&`<;:;1;eg2;=z4m?@<>=>( ?�1)0m2h&)460mlh&)&l;eg�;nm2h=6lh=64 ��46<xi � �h&;ik? ~ �"�6� ? i3&��+<>=>(Q1h=5w@{klh=
�@{keoik0�~+l;eg45=5w8(c= ��l)�#(Q=6� � ~)?�l;e�l)&he
l)05�5i �${ke�l)&h�Q&h?onm=6�)lh&)<609� 5 b �6p>t�p � � ����� �;*

�$4me�267;n5e�<;:;�;eg?onmj9lhe��;n62;=zl;=z49n�05<��+e��x:;46?onm46&;n5e@i3j6l)09< �+&)2h&)l;e/1)&h<z0-wy0546&h?@&x�
(c=6?@nm&

Tcn(ρ)
* ��0m1h2)&3(ce�2 � ?o=g7h2)0mlx~h~ 1h2he��`l)&)( wyl)0y�he�lh&he�n5eg(}1;e�230�n5:;2h�

6 × 108

s 4W("05< ?@&3( :h(ce+1)&)<60 � lh=K{keoi|08~ 1h&)<�:	�+e � (�� :h(ce�l)j ��0�eg( lhe��hnm2)&hl)lx:�� ?@4me@nm&x�
(c=6?@nmjK1)2h&[<;:;1;eg2;=z4m?@<>=>( ?@13052)&h4z05l)&h&[lhe��;n62;=zl;=z4 � �;nm=W1)2h&)45=g{|&;nE<[1;=z4m� �_e�l)& �
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Tcn(ρ)
*6����(c= �+ey([? i3e��@<z0#? {|4m&)lx:xnmj

(}05< ?�&)( :h( 4_=m�5i|05?@nmj_�6=gi3e@e
46��?o=z<h&x7K&xik&K�6=yi)e@e
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ρ
� :5{ke�2��`& �
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wy05l)� � *3� {|l305<>=
�;? {|4m&)�
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?g( −3 1h2)&)45e {ke@n
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(c= �+e@n��6��nmj
1h2)&3(ce�2)l;=�4+{k4z0�2)0�wy0+l)&��+e �)�;ey( 4�1h2he {|1;=yi3= �+e�l)&h&��he�2)l;=6n5eoikjmlh=6�o=`&;w@i):;�;eglh&;~ *
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4 ~x{|2)087 (}0�i)=>(}05?�?@&h46lh�d7�wg4meowo{ ?@4me�267;n5e�<;:;�he�?onmj�� ?|t 1;= ?@230546l;eglh& � ?�1h=�{.054��
i)eglh&heg(N?@4me�267;n5e�<;:;�he�?onmj�� ? q6*C�d&;n�: 05f)&x~ ��=�{|l305<>=
�"&xw8(ce�l;~he@nm? ~ ��e�? ik& {k=61h=yi3l)&x�
n5eoikjmlh=
:;�he�?onmj�45=mwy(c= �`l;=6e%l)0�i3&)�)&;e�: wg45eow@{k� 0m<h<)2he�fh&h=6l)lh=6��=m�6=gi3=6�)<)& * �nm2)&x7 �
1x:;l)<hnm&h2)lh=6�Ii3&)lh&he��Q1;=z<608w805lh=�=6?onm�#460mlh&he�wg45e@wo{k� ? (}0m?@?o=6�

M = 1.111M�
{)i)~

n5e 7 �+e
(c=g{3eoi3e��/?@4me�267;n5e�<;:;�;eg?onm&`1)2h&Kl)0�i3&)�h&)&/:Swg45eow@{k� 05<)<h2he�f)&;=zlhlh=6�`=m�m=yi3=6�x�
<h&Q? (}05?@?@=6�

∆M = 10−8M
*)���he@nK0m<h<)2;egfh&h=6l)l;=z�I=6�m=yi3=6�)<h&Q1;=z4m� ��0�e@n`1h=64me�267 �

l;=z?onml;:��n5eg(�1he�230�n�:;2;:�wg4meowo{|���;{keoi|08~Q=6� � ~3?@l;eglh&he�&)?on5=z�hl)&)<>=64zbZj �zp 
>tmt�u �zs6pmp
&'qo\ qyt�p � *��8u � t�p�� 45=mwy(c= �`lh� ( 4 2)06(�<6087�4m���62305l)l;=z� (c=g{3eoik& ?@45eg267;n5e�<;:;�;e�?@nm&
1h2h=mnm=6lh=64 ?|t *;� 2)05�m=6n5e���0m(�&)lh<>eg2)0�&�{|2 * � � 
 �|1;=z<608w805lh=
�z�;nm=S(c=g{3e@i3j�?@4me�267;n5e�<;:>�
�;eg?onm&D?3s�~)45ih~)e@nm? ~�1)2he {3e@i3j6l;=z��{)i)~`=m� � ~)?@lhe�l)&x~S{.05l)lh�d7`l30��mi��d{3eglh&)�`?#:;�;e�n5=z(
05<)<h2he�f)&;=zlhl)�$7K=6�m=yi3=6�he�< � &hl)�#(}&-? i)=z4606(�& � (�=�{keoik&K1)2;=6n5=6l)lh=6�E?@45eg267;n5e�<;:;�;e�?@nm&
?[�m=yi3e@e lh&;wg<)&)(}& <)2)&;nm&)�he�?@<)&)(�& nmeg(�1he�2)05n�:;230m(�& lhe 4 ?o=z?on5=y~)l)&)& =6� � ~)?�lh&hnmj
l)05�5i �${.0�n5e@i3j6lh��e�{|0mlhl)�%e � *�
�6? :m{k&3( nme�1;eg2hj <)2)05nm<>=
�$<z05< &;wy(ceglh&hnm? ~ 1)2he {)i3= �+e�l)lh�#� ?@fhe�l3052)&h� =6?onm�d�
460mlh&;~ �ceg? ik&�(�� 4m���me�2heg( :;23054mlhe�l)&;eQ?o=6?onm=g~3lh&;~�1;i)=6nmlh=6�o= 45e��+e�?onm4z0 ��<>=6n5=62h=me
=mnm<)2)��4605e@n 1)2z~3(c=z� :;2)<60y��1)2;=zf;e�?�?W1)2)& 1;i)=6nml;=z?ong~x7

ρ > 1015 4 ?g( −3 � 4�~;{k230y7
l)0m&;�6=yi)e@eW(}05?@?�&h46lh�d7 l;e��hnm2h=6l)lh�d7 wy45eowo{ � *���&)1)&h�)lh� ( n�0m<h&3( 1h2)&)(�e�2;=>( ~34�i)~x�
e@nm? ~/:;2)0m4mlhe�lh&he�?o=6?onm=g~3lh&;~�	
<)("08i)~K&-��0ml {)76052)&h1305lx{ke � t � * ��� �5:m{3ey( &)?@1h=gikj�wg=��



�c&)?m*%t * � �}��eg4�~)lh=6?@n5= {k4me�<)2h&)4m�d7 =z?onm�#4605l)&;~ �C1;=z?onm2h=me�l)l)�%eQ{)i)~ l;eg�;nm2h=6l)l)�$7
wg45e@wo{ ?I("05?@?o=z� =6n

M = 1.01M�
� ?g0m(}0�~ 45eg267hlx~h~ <)2h&)460�~ � {3= M = 1.92M�� ?�0m(}0�~�l)& �`l;~;~_<)2h&)460�~ � ? �S05�@=z(91h=
(}05?@?@e 0.01M�

*8��?@1h=yi3j5w�=64z05l)l;=6ec:;2)0m4mlhe�l)&;e
?o=6?@n5=y~)l)&x~ ��S[�/b#s � ?g(%*hn5e�< ?on � *



4605nmj :m{3=6�6l;:�� 1)0m2)06(ce@nm2)&xw805f)& � ��n5=6�o= :;2)0m4mlhe�lh&;~�?o=z?on5=y~)l)&;~ ��1)2;eo{)i3= �+e�l)lx:��
�ze��;w�eoikj5�6e�2)�o=z(N& ���;=z2;n8� �
e�l)?oe�lh=z( � s>t � *d�
= ?@2)0m4mlhe�l)& � ? � szt � �C(�� &xw8(ce�l)&xik&
i3&��+j 1305230m(�e@nm2

γ
4 ��lhe�2)�@&)& ?@&3(}(ce@nm2)&)&

S(nb) = S0(nb/n0)
γ �$� {ke S0 = 32

Ra�+l � nb = nn + np
� n0 = 0.16

v�( −3 u <>=zlhfhe�lhnm2305f)&x~ lx:;<;i)=zl;=z4 4 0�nm=z(�l)�$7
~x{|2)087 *6	 &3(ce�l)l;=�� (�� 4�w@~hi3&

γ = 0.643
46(�e�?on5=

γ = 0.6
* 	Cn5=_1h=646��?@&;i)= �gl;e�2)�@& �

?@&3(}(ce@nm2)&)&Q&�n5eg( ?�0m(�� ( 1h=6l)&xwg&;i3=-1h=62h=6�_46<xi � �;eglh&;~[1)2z~3(�=6�o=�:;2)<608� 1)2h=6fhe�?@?�0
?
ρD = 1.680×1015 � ?g( −3 {k= ρD = 1.275×1015 � ?�( −3 *;��2)& �@n5=>( wy0546&h?�&)(c=z?onmj

{|0m4�i3e�l)&x~ =6nI1;i)=6nml;=z?onm&
P (ρ)

1)2)0m<;nm&)�he�?@<)& lhe`&xw8(ce�l)&xi|05?@j)*�� ?o=m=6nm45e�nm?onm46&h& ?
1h2)&)lx~)nm�#(�&�4 � � � � =m�6=5wgl30y�;eglh&;~3(�& �g�5:m{3eg(�l308wg�#4605nmj�n�05<>=6e$:;2)0m4mlhe�lh&hed?o=6?@n5=y~)l)&x~
S[�~b#s;*��I05< ?�&)(}0�i3j6l)0�~ (}05?@?g0 wg4meowo{|� {)i)~ 4m�%�z2)0mlhlh=6�@= :;230546l;eglh&;~ ?o=6?@n5=y~)l)&x~
?o=6?@n�054�i)~he�n

Mmax = 1.929M�
*"��<)2x:	�`l)��� 2)08{k&;:z?E&�f;e�lhnm2308ikjml308~�1;i3=mnmlh=6?on6j

n�05<>=z�Ewg45e@wo{k� 230546lh� �
R = 10.39

<)(��
ρmax = 2.731 × 1015 ��?�( −3 *

��0�2)&)?m*�tx* � {3ih~ :;23054mlhe�l)&x~ ?o=z?on5=y~)l)&;~<S[�/b�s 1h=6?@nm2;=6e�l)� {3e�45~)lh=6?onm= {|45e
<h2)&)4m�$7N=6?@nm��4z05l)&x~ lhe��hnm2;=zlhl)�$7 wy45eowo{ 2308wgl)�$7 (}0m?@? ��=mn

M = 1.01M�
{k=

M = 1.93M�
� ? ��05�o=>(

0.01M� � *c��2)& �@n5=>( &)?@1h=gikj�wg=6460mlh� (c=g{keoi3j6lh��eKw8054m&x�
?@&3(c=6?on6&

Tcn,p(ρ)
� � � � � 1)2305<hnm&h�he�?@<)& l;eK=mngi3&)�)0 ���+&he�? ~ =mn�(c=g{3eoi3e�� ?@45e�267;nme�<x:>�

�;eg?onm&n����q/&J? q � 1h2)&)lx~)nm�$7 4-{.05l)l;=z� � ik0m45e � 2308w@{3eoi t * q � *�� w�2h&)? :;l)<60E? i)eo{):ze@n ��;nm=�n5e�1he�2)j�(c= �`l;=�4m�d{3eoik&hnmj � � � � n6&h1h=64�=6?on6��460 ���+&x7+l;e��hnm2h=6l)lh�d7+wg4meowo{�4z(ce �
?on5=Enm2he 7 * ��2)& &xw/lh&x7[?@=64m130y{.0���nE?+2305?�?�(c=mn62;e�l)l)�#(�& 4E2308wo{keoi3e�t * q � (}08i3=z(}0m? �
?@&)4ml)�%e �3=z�;eglhjE(ce {3i)eglhlh=K=z?onm��4z0����S&;e wy45eowo{|� � (}05?@?�&h46lh��e wg45e@wo{k���3=6?@nm��4z05l)&;e
<>=mn5=z2h�d7 :>?@<>=62he�lh=�&;w@i):;�;eglh&heg( lhe��hnm2)&hlh= 1h2)& <;:;1;eg2;=z4m?@<>=>( ?@13052)&h4z05l)&h& lhe��x�
nm2h=6lh=64 � & wg45eow@{k� ?@2he {kl)&x7 (}0m?@? � 1;=z<60�wg��4z0����+&heE1h2h=z(ce ��:xnm=6�)l;=6e9=6?onm�#460mlh&he6*
��2;=>(ce �@n5=z�o=
�)4m=5wgl)&h<z0�e@nSe��_e
{k4z0Snm&h130�l;eg�;nm2h=6l)l)�$79wg45e@wo{ � wg45e@wo{k� (}0m< ?@&)("08ikj8�
lh�d7�(}05?�? �8=6?@nm��4z0����+&he�=z�;eglhj��6��?@nm2;=�wy0�?@�;e�n�1h2z~k(c=6�@=
:;2)<60y��1)2;=zf;e�?�?�0 � 0
n�05<��+e
wg45e@wo{k���}=z?onm�#4605l)&he <>=mn5=z2h�d7 ~34�i)~he@n6? ~ 1)2;=>(ce��/:xn5=6�)l)�#( (�e���{): :z?@<>=z2;eglhl)�#(
=6?on6��460mlh&heg(�� 4m�dwy4605l)l)�#( <;:;1;e�2h=646?@<)&)('?�1)0m2h&)460mlh&heg( lhe��;n62;=zl;=z4 � & =6�he�l)j9�6�d�
?onm2)�#( =z?onm��4z05l)&;ey(��k4m�%wg460mlhl)�#( 1)2z~3(}�#( :;2h<z0y��1h2h=6fhe�?@?@=z( � ?�(%*3?@� :��+e�l)&;e <)2h&x�
4m�d7�=6?@nm��4z05l)&x~+l)& �Se$l30y{|1)&h?@&awBlU�	�c��w`l)0 2)&h?o:;lh<>e � *5��05< 46& {|l;=��81;eg2;e 7>=g{�(ce���{)::z?@<>=z2;eglhl)�#( =6?onm�#460mlh&heg(��h=m�m:z? i)=z4�i3e�l)lh� ( <;:;1;eg2;=z4m?@<)&)( ?@13052)&h4z05l)&;eg(�lhe��;n62;=5�
l;=z4 � &-=6�he�l)j �6�#?onm2)�#( =6?onm�#460mlh&heg(��x=m�5:>? i3=645i)eglhl)�#( 1)2z~3(�� ( :;2h<z0y��1h2h=6fhe�?@?@=z(��
{3=z?on�0�nm=6�)l;=W2;eowg=6< �)n�05<I�hn5=W�h&)? i3=K&)?on5=z�hl)&h<>=z4 �k1h=6130y{.0����S& 7Q4/=6�5i|05?on6j`1h2h=z(�e �
�/:xn5=6�)l;=z�o= =z?onm�#4605l)&;~ ��lhe945eoik&h<>=3*"�
e��;n62;=zlhl)�%e9wy45eowo{|� (}05< ?�&)(}0�i3j6lh�d7�(}05?@?



~)45ih~���nm? ~ �)2;e@wg4m�#�)0m�hlh= 7z=yi3=�{|l)�#(�& � ?�n5eg(�1he�230�n�:;2h=6�
T∞

s ∼ 2 × 105 s 1)2)&

t ∼ 104 i3e@n � n�0m<h&he/wg45e@wo{k� =m�z? :	��{|0�i3&)?@j
� l)0m1h2)&)(�e�2 � ��0m(}&hl)<>e�2h=z( &�{k2 * � � � � � *�
nm<h2)�%n6&;e �@n6& 79wg4meowo{I=61)2he {3e@i)e�l)lh=/:;<608wy��460�i)=/�z�'l)0+{ke��)?onm4m&he 1h2z~k(c=6�@=S:;2)<608�
1h2h=6fhe�?@?g0�4 &x7�~x{|2)087 *>��=6n_v�0m<;n�� �hn5=+4 lhe�<>=mn5=z2h�d7K=6?on�05nm<6087K?@45e�267hlh=646�$7/n5e�1;i)=5�
45=6e�&xw�ih:;�he�l)&;e%=6n�&;w�=yik&h2h=64z05l)lh�d7�l;eg�;nm2h=6l)l)�$7/wg45eow@{�lhe�?�(c=6nm2z~�l30�n �S05n5eoikjml)�%e
1;=z&h?�<h& l;eK=m�6l3052;:	�+e�lh= � ��0m1xi|05l & {|2 * � ��p�� � ��<>=6?@4me�l)l;=Q(�= �Se@nQ?@46& {ke@n5e@i3j6?onm45=5�4605nmj/=m��=z�;e�l)j�l)&xwg<>=z��1h=645eg267hl;=z?onmlh=6�9n5ey(�1;eg2)05n�:;2;e ��nm& 79wg4meowo{�*

�
=�{|2h=m�6lhe@e[45=z1h2h=6?@����wy0�n62;=zlx:xnm��e 4 2308wo{keoi3e tx* ����2305?�?�(c=mn62;e�l)� 4 230��6=mn�0y7
��0m(�&)lh<>eg2)0�&W{|2 * � � 
 ��&[�.:z?�0m<>=64z0S&9{k2 * � � � � *

t * � ��?@lh=646lh��e�2heow@:6i3jyn�05nm� 45nm=62h=6�I� i|054m�

��� 1h2he {3i)= �`&xik& lh=646��� ?�f;e�l3052)&)�N=6?on6��460mlh&;~ &;w�=yi3&)2;=z460mlhl)�$7 l;eg�;nm2h=6l)l)�$7
wg45e@wo{ *���� 1;=z<608w808ik& ���;n5= l)05�5i �${.0�n5e@i3j6lh��e {.05l)lh��e = n5eg1xi3=64m=z( &;w@i):;�;eglh&)&
&xwg=gik&)2;=z4605l)l)�$7 lhe��hnm2h=6l)lh�d7 wg4meowo{ (c= �`l;=[=m� � ~)?@l)&hnmj[4Q1)2;eo{k1h=yi)= �+e�l)&)& � �hn5=
1h2z~k(c=6�-:;2)<608� 1)2;=zf;eg?@?�4�l;eg�;nm2h=6l)l)�$79wg45e@wo{|087-?o=/?on�05lx{|0m2;n6lh� ( ~;{3eg2hl)�#(�?o=6?@n�0y�
45=>( � lhe��hnm2;=zlh� ? 1)2h&3(ce�?@j�� 1h2h=mn5=zl;=z4 � � i3e�<hnm2;=zl;=z4 & ( ��=6lh=64 � wy0m1h2he��+e�l *��l)0 �_eg( ?@fhe�l3052)&h& :z?�<>=62he�lhlh=me[=z?onm��4z05l)&;e �%<>=mnm=62h=me lhe@=m�57z=g{|&)(c= {3i)~ =m� � ~)?@lhe �
lh&;~ lhe��hnm2h=6l)lh�d7�wg4meowo{ ��l)0m&;�6=yi)e@e97z=yi)=g{|lh�d7 {)i)~ ?@45=6e��o= 4m=5wg2305?on�0 ��45=mwgl)&h<z0�e@n
�5i|05�o=g{.052z~ 1)2;=zf;eg?@? : l;e��hnm2)&hl)lh=6�o= ��l;eg2h�o=z4m�d{3eoi3e�l)&x~ 1)2)& <;:;1;eg2;=z4m?@<>=>( ?�1)0m2h&x�
460mlh&)&Ilhe��hnm2;=zl;=z4h*��9� 1;=z<608w808ik& �k�hn5=Wl;e��hnm2)&hl)l308~�?�45e@nm&3(c=z?onmj �k=m�5:>? i3=645i)eglhl308~
�@nm&3( 1)2;=zf;eg?@?o=z( � 1)2)& 4ml;:xnm2;eglhlhe�� n5ey(�1;eg2)05n�:;2;eQwg4meowo{|�

T <∼ 0.6 Tmax
cn � �"1)2;=5�1;=z2hf)&h=6l308ikjml30

T 8 *�� ��n5=z( ?�(���? i3e`=6l30 � &3(�&;n6&h2;:6e@n �Wl;eg�;nm2)&)lhl;:�� ?�45e@nm&3(c=z?onmj
l;eg?@45e�267;nme�<x:;�)&x7 (}0�i)=>(}05?@?�&h46lh�d7 lhe��;n62;=zlhl)�$7 wg45e@wo{ �"=g{kl305<>= (c= �+e�n �z�%nmj l30
=g{k&)l � {|460%1h=62z~;{k<z0%�6=yi3j��_e6*g��2he {3i)= �+e�l)l)����?@fhe�l)0m2h&)��=6?on6��460mlh&;~ 45=5w8(c= �+e�l�1)2)&
=6�he�l)j �+eg?onm<)& 7`=6��2)0mlh&)�;eglh&;~x7�l)0�1)2;=zv�&;i3j <)2)&;nm&)�he�?@<>=6�Kn5eg(�1he�230�n�:;2)� lhe��;n62;=5�
l;=z4

Tcn(ρ)
* 	$nm&[=6�@2305l)&)�;e�l)&;~ 4m=5wgl)&)<60���nE1)2h& ?@230546l;eglh&)&[n5e@=z2h&)& =6?@nm��4z05l)&x~ ?

l)05�5i �${ke�l)&x~k(�&E{|4�:>7 � nme�?on5=z4m�$7 � &h?@n5=6�)lh&)<>=64/uz� 5 b �zpzt5p � � ��� � �S&Q1x:6i3j6?�05230/4
?o=5wy45eowo{|&)&���eoi|0 � 2308wo{keoi t *rs � *���2he {3i)= �+e�l)l)��� ?�f;e�l3052)&)� 4m1he�2)4m�%e9&)?@1h=gikj�w�:6e@n
:h(ce�2he�l)lx:�� ?@45e�267;nme�<x:;�he�?on6jSlhe��hnm2;=zl;=z4�&9?@4�~hwy05l)lh=me�?�l;eg�Wlhe��hnm2)&hl)l;=6e &xw@i):;�he �
lh&he�{)i)~_=m� � ~)?@lhe�l)&x~�{.05l)lh�d7_l30��mi��d{3eglh&)� � 4�=mngik&h�)&;e�=mn 1h2he {|�${3:��+&x7+?@f;egl)0m2h&x�
e�4-=6?onm�#460mlh&;~ � 4E<>=mn5=z2h�d7�:h(�e�2;eglhl308~ ?@45eg267;n5e�<;:;�;e�?@nmjWn5=yi3j6<>=�1h2he�1;~hnm?on645=64z08i|0
&hlhn5e�2)1)2;e@n�0mfh&)&�l)05�5i �${ke�lh&)� �3?�(%* �)l3051)2h&3(ce�2 �.��0m(�&)l)<>e�29&E{|2 * � � � � � *



��ih~[&hlhn5e�2)1h2he@n�0mfh&)& l30��5i �${ke�l)&h� 4-2)06(�<6087�1)2;e {3i3= �Se�lhlh=6�@=-?@fhe�l3052)&x~[nm2he �
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1;=z45e�267hlh=6?@nm& � & m∗

e = µe
��1)2)&h�heg(

µe
u 7h&3(�&h�he�?@<)&)� 1;=6n5e�l)fh&308i � i3e�<;n62;=zl;=z4h*

��05<>=6lhe�f �
|Mfi|2 = 2 G2

F cos2 θC |Cqqqn
|2 |Cqqqp

|2 (f 2
V + 3g2

A)
� sh* 
 �

u9<)4608{k230�n�(}05nm2h&)�)l;=z�o= � i3eg(ce�lhn�0 �.1h2h=6? :h("(�&h2h=64z05l)lh�#� 1;=E?@1)&hl30m( &Q:z?@2he {|l;e�lx�
lh�#� 1h= l)0m1h230545i)eglh&;~3( lhe��hnm2h&)l)l;=z�o= &3(�1;:mikjm?�0h*��k{3e�?�j

GF = 1.436 × 10−49

��2)� ?�( 3 u <>=6l)?on�05lhn�0 �_e�23(�&N? ik05�m=z�o= 4�w805&3(c=g{3e��)?onm46&x~ � θC
u :;�o=yi ��0��6&h�m�6=
�

sin θC = 0.231 � fV = 1
uI45eg<;n5=z2hl308~ <>=6l)?on�0ml;n�0W4�w805&3(c=g{3e��)?onm46&x~ &

gA = 1.26
u

05< ?@&308ikjmlh=���45eg<;n5=z2hl308~I<>=zlh?@n�05lhn�0�4�wy0m&)(�=�{ke��)?onm46&x~�� 06(c=64z0y����e@ihi3e�230;*
�6i|0546lh�#� �;i3e�l 4�? :h("(ce � s;* � � 1;=�=m�z2)05nmlh� ( 4me�<hn5=6230m( 2;e��+e@nm<)& =mnm4me��)05e@n

45e�<hn5=z2)06(
qqqn = qqqp = 0

* ��{|l)0m<>=
�|4 �@n5=>( �;i)e�lhe
ppp′n = pppn

�
ppp′p = pppp

� ?�(%*|v�=623( :6ih:
� s;*rs � &Q<>=z(}(cegl;n�0m2h&)&I<Ql;e�� � �3�5i|05�@=�{.052z~��heg( :�&;w@ih:;�he�l)&;e lhe��hnm2h&)lh=`wy0m1h2he��_egl;=�
p � � ≥ p �  + p ��� � wy0m<>=6lh=z( ?o=g7h2305lhe�lh&;~ &3(�1x:6i3j6?�0;* �c05<)&3( =6�62308w�=>(�� =6?@lh=646l;=z�
4m<;ik08{/4 ��l;eg2h�o=z4m�d{3eoi3e�l)&;e

Q
46l;=z? ~)n {k2;:;�@&he%? i|05� 05eg(���e ��: <>=6n5=62)�$7Si3&h�m=

qqqn = 0
�

i3&h�m=
qqqp = 0

*x�
?@n�054 �S&;eg? ~��xi3e�l)���6:�<>=6n5=62)�$7
qqqn 6= 0

&
qqqp 6= 0

(}08ik� &`&3(�&K(c= ���
l;=�1h2he�lhe@�62he��)jh*y��e��@<>= wy06(ce@nm&hnmj �m�;nm=
:5{ke�2��`&)460�ey(��%e%l30m(�&S�xi3e�l)� 4
46��230 �+e�l)&)&
{)i)~ �gl;e�2)�o=z4m�${keoi3e�l)&x~

Q
?@<>=zlh?@nm2x:;&)2h=6460mlh��n�05<)&3( ?@1h=6?@=m�m=>(����hn5=�=m�6e�?@1he��h&)460 �#�

�S0�~9wy05<>=zl�?o=g7h2)0ml;eglh&;~Q&3(�1x:6i3j6?�0+{keoi3jyn�08� v�:;lh<)f)&x~ 054mn5=z(}05nm&)�;e�?�<h&�&h?�<xi � �)05e@n



� =z1)0m?@l)�%e �Kn5=z�h<)& �}4 <>=mnm=62)�$7�4m�#1;=yiklx~)e@nm? ~ :z? i)=z4m&heE�62 ���@�o=z4m?@<>=z� {k&)v�2305<)f)&h& *
��051)2h&3(ce�2 ��i3e��@<>= 1)2;=z45e�2)&;n6j �$�hn5= {)i)~ 45e�<hn5=z2)0

qqqn = 0
:z? i)=z4m&heI�z2������o=646?@<>=6�

{k&)v�2)0m<hf)&h& |pppp| = |pppp + qqqp|
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≈ 4.0 × 1027

(
ne

n0

)1/3 m∗
nm

∗
p

mnmp
T 6

9

erg

cm3 s
,

� s;* q�p �
R(ρ) =

∑

j=n,p

∑
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∣∣∣∣−
√

1 + x

x
,

Dn± =
(p �  ± p ��� )2 − p2� � − q2
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p � � −p �  −p � � ≤ q ≤ p � � +p �  +p � � � 4�1)2h=mnm&)4mlh=z( ? ih:;�30�e F (x) = 0

� *
� v�=623( :mi3e � s;* � � Q0

u ��lhe�2)�o=646�${keoi)eglh&he_4K1)2z~3(c=>( :;2)<60y��1)2;=zf;e�?�?oe �k2305?@?��h&hn�05lx�
l;=6e
{3i)~�=�{|lh=62h=�{|lh=6�9~;{3eg2hlh=6�I("0�n5e�2)&)& � 4�1h2he�lhe@�62he��+eglh&)&9=6��2)0mlh&)�;eglh&heg(��)?@45~x�
wy05l)l)�#( ?_wy0m<>=6lh=z( ?o=g7h2)0ml;eglh&;~ &)(�1;:mikjm?g0 � * ��eoik&h�)&hl30 b(c= �+e�nW�z�%nmjIl)0�wg460ml)0
� ��� ��
 ��
 � � 
�� ��� 	 ������� �#<>=mn5=z2h�#� =z1h&)?@�#460�e�n =6? ik05�5i3e�lh&he 1h2h=6fhe�?@?g0 4�(}05lhnm&)&
l;eg�;nm2h=6l)lh=6�Iwg45eow@{k��* 	Cn5=6nKv�0m<;nm=62Qwy0546&h?�&;n�n5=yikjm<>=-=mn

ρ
� lh=-lhe�=mn

T � * 	dl;eg2h�o=5�4m�d{3eoi3e�l)&;e
Q ∝ T 6 � <z05< & {3i)~ 7>=62h=��_=Q&xwg4me�?onmlh=6�@=Q1)2z~3(c=z�o=9:;2)<60y��1)2;=zf;e�?�?�094

~x{|2;e�lhe��;n62;=zlhlh=6�Iwg45e@wo{k��*



�c&)?m* sh* q � � =yikl;=6e`l;eg�;nm2)&)lhlh=me ��l;eg2h�o=z4m�d{3eoi3e�l)&;e`<z05< v
:;l)<)fh&;~ 1;i3=mnmlh=6?on6& 1)2)&

T = 3×108 s+*m� 2)0mlh&)f)0�<>=6230y� ~x{|2h=�&S1h=62h=6�d46<xi � �he�lh&;~�1)2z~3(�=6�o= :;2)<608� 1)2h=6fhe�?@?�0
4�~x{|2;e =6n6(ce��he�l)� �_n62h&x7 � 1;:;l)<;nm&)2)lh� (�&[ik&hl)&x~k(�& * ��&h<Q45�5ik&;wg&I�@2305l)&)fh� <>=z2)08�
~x{|2;= =6�5:>? i3=645i)e�l 1h2z~k(��#( :;2)<608� 1)2;=zf;eg?@?o=z( 4 (}0ml;n6&h& � &xwg=m�6230 �Se�l l30 4m?@n�054m<>e
4 �m=yi3e@e <h2;:;1)l;=>( (}05?��_n�0��6e � * � =6�he��hl308~'ik&)lh&;~ ��?@45e�267;nme�<x:;�he�?on6& lhe@n �H�3��#*(H� � �

?@1;i)= �+l308~9ik&hl)&x~ �.(c=g{keoikjIq�?Q1h2h=mn5=zlhlh=6�[?@4me�267;n5e�<;:;�he�?onm& � 1;:;lh<hnm&)2 � (c=g{3e@i3jIq	?
1h2h=mnm=6l)l;=z� ?@4me�267;n5e�<;:;�he�?onm& 4W~x{|2;e`& (c=g{3e@i3j 5 l;e��hnm2h=6l)l;=z� ?@45e�267;nme�<x:;�he�?on6& 4
<>=62he � ?�(%*6n5eg< ?on � *;�$13052)&h4z05l)&;e�lhe��;n62;=zl;=z4Kq�����? ik05�m=�&`1h2)&S{.05l)l;=z��n5eg(�1he�230�n�:;2hel;e�4�ik&;~he@n`l30/l;eg�;nm2)&)lhlh=me ��lhe�2)�o=646�${keoi3e�lh&he6*

��ih~ 2305?@�he@n�0 b 1;=�v�=z2)( :6i)e � sh* qmq � (}� {3=yi ��l)� wyl)05nmj v�e�23(�& ��&3(�1x:6i3j6?@�
�)0m?onm&)f *5�
=6?�<>=gikjm<;:�l30 � 05l308ik&;w$1)2h&h�5ik&��+e�l)lh�#� �5(}� &)?@1h=yi3j5w�=64z08ik&�{k4me$(c=g{keoik& *
� 1he�2)45=z�I(c=g{3e@i3&I(}� =61)2;e {keoi)~;ik&�v�e�2)(}& ��&)(}1x:6i3j6?@�'�)0m?onm&)fI<z05< �

p � � = (3π2nn)
1/3, p �  = p ��� = (3π2np)

1/3,
� s;* qyt �

� {ke
nn

&
np

u_<>=zlhfhe�lhnm2)0mfh&)&`l;:;<xi3=6lh=64
��:>?@2he {klhe�l)lh��e#1h=�~3�;eg�h<>e��$&h�@lhe�230y� �.e��)f)0
� ?�(�* v�=623( :6ih: �3* 
9& n�0��5ik&)fx: �9?@n�0�nmj6& � ~3("05f;:� qmq � � �}&

p �  = p ��� 4m? i)e {|?onm46&;e
� i3e�<hnm2h=6lhe��;n62)0�i3j6l;=z?onm& *���= 4mn5=62h=6� (c=g{3eoik&'(�� &h?@1h=yi3j5w�=64z08ik& :z? i)=z4m&he � i)e�<x�
nm2h=6lhe��;n62)0�i3j6l;=z?onm&9&`�6e@n�0y��23054mlh=64me�?@&;~ �z=z1h2he {keoih~h~Kv�eg2)(�&x��&)(�1;:mikjm?�� �305?onm&)fW&xw



:;2)0m4mlhe�l)&h� �

p ��� = p �  ,
p2� �
2mn

+ Vn000 =
p2� 
2mp

+ Vp000 + p ��� , � s;* q�s �
� {ke

Vj000
uK=6?@lh=646l)0�~ �

qqq = 000 � v�:;2hjme ��� 0523(c=6l)&h<z0/lx:;<;i3=6l)l;=z�o=`1;=6n5e�l)fh&308i|0 Vj(r)
*

�S05<hn5=62)� 1h=�{.0545i)eglh&;~
R(ρ)

��2305?�?@�h&hn�05l)l)�%e 1;= v�=623( :mi3e � sh* qmq � {3ih~ �@nm&x7
{k45:>7[(c=g{keoi)eg� �37z=62h=��+=W?@=6� ik0m? :���nm? ~[(ce���{3:�?o=6�m=z� * � l30 �+&x7[2305?��;e@n�087[(�� 1;=5�
i)= �`&3(

m∗
j = mj

*;�$0m2h&305f)&h&
m∗

j

4+2)0�w@:h(�l)�$7K1h2he {keoi|0y7Kl;e�(�e�lx~���n_<60y�he�?onm4me�lhlh=
wgl30g�he�l)&x~

R(ρ)
*�� eow@:mikjyn�0�nm���}1h=yih:;�he�l)lh��e�1h2)&�&)?@1h=yi3j5w�=64z05l)&h& (c=g{3e@i3& � sh* qgs � �(c=6�o:xn��z�%nmj-051)1h2h=6< ?@&3(�&)2;=z460mlh�'? i)eo{):����S&)(�&Iv�=z2)( :6ik06(�& �

R(ρ) ≈ R2 + (R1 − R2)(1 − x)2 x < 1,

R(ρ) ≈ R2/x
7 x ≥ 1,

� s;* q�� �
� {ke
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e@nW�5i|05�o=g{.052z~�{ke��)?onm46& � 1h2z~k(c=6�@=K:;2)<608� 1)2;=zf;eg?@?�0-4W(}0ml;n6&h& � 1h=6<z08wy0mlQn�0m< �Se/l30
4m?on�0m4m<>eC4 <)2;:;1hlh=z([(}0m? �_n�05�me � * 	$lhe�2h�@=64m�d{3e@i)e�l)&he�4 (}05< ?�&)( :h(�e�1)&h<z0#1)2)&;�mi3&;wg&x�n5eoikjmlh= l30 s�1h=62z~;{k<z0%1)2;e�4m=6? 7z=g{|&;n ��l;eg2h�o=z4m�d{3eoi3e�l)&;e�4%~;{k2he"lhe��;n62;=zlhlh=6��wy45eowo{|��*
�C=6=mnm4me@nm?onm45:����+&he�<)2h&)4m��e
=6?@nm��4z05l)&x~9l)0+2h&)?m*xsh*rs+1;=z<608w805l)� n5=6�)<606(�& *3��2z~3(�=6�
:;2h<z0y��1h2h=6fhe�?@?�4_(}0ml;n6&h&Kwy0m(�e@nmlh= :z?@<>=z2z~he@n�=z?onm��4z05l)&;e
l30�4m2heg(cegl)087

t ∼ 105 i)e�ny*
��ih~ ? i):;�)0�~ ?@&;i3j6l;=z�o= ?@13052)&h4z05l)&x~ 1h2h=mn5=zl;=z4 q	? & ? i|0��6=6�o= n62h&)1xi3e@nmlh=6�@=

?@13052)&h4z05l)&x~ lhe��;n62;=zl;=z4 q�����4Q~x{|2heW& ("05lhnm&h& wg45e@wo{k� � �me@w-:;�he@n�0�?@&)lh� i)e�nml;=z�o=
?@13052)&h4z05l)&x~ lhe��;n62;=zl;=z494W<>=z2;e � � (��1h=yih:;�)&xik& w8054m&)?@&3(c=6?@nmj �gl;e�2)�o=z4m�${keoi3e�l)&x~
=mn 1;i)=6nml;=z?onm& �%1h=6?on62;=6e�lhl;:�� l)0 2)&h?6*ds;* q�?@1;i3=��+lh=6� ik&)lh&he�� *��$45eg267;n5e�<;:;�;e�?@nmj
1h2h=mnm=6lh=64 1h=yi3lh=6?on6j � 1h=�{.0545ih~)e@n (c=g{k&)v�&hf)&h2h=64z05l)lh�#��:;2h<z0y��1h2h=6fhe�?@?E45= 46l;e ���
l;ey( ~;{k2he �)1;eg2;e {[1;=z2;=z�o=z( 4m<;i � �;e�l)&;~I1h2z~k(c=6�o=�:;2)<608� 1)2;=zf;eg?@?�0 �)&��305?@nm&h�)lh=K1;=5�
{|0m4�i)~he@n91)2z~3(c=z� :;2)<608� 1)2;=zf;eg?@?/45=�4ml;:xnm2he�l)l;eg( ~;{k2he � (}05?@?�&h46lh�d7�wg4meowo{ � 1h=6? i)e1;=z2;=z� 0;*#�d1)0m2h&)460mlh&he lhe��hnm2h=6lh=64 4 ~x{|2he l)0m?on5=yikjm<>=�? i|0��m=��d�hn5= 1)2)& nmeg(�1he�2)08�
n�:;2he

T = 3 × 108 s � {)i)~�<>=6n5=62h=6��1;=z?onm2h=me�l�2h&)?m*�s;* q � lheE1)2h=g~34�i)~he@n6? ~�*��
e��x�
nm2)&hl)l;=6e ��lhe�2h�@=64m�d{3e@i)e�l)&he�4�~;{k230y7Q(}0�i)=>(}05?@?�&h46lh�d79lhe��hnm2;=zlhl)�$7�wy45eowo{Q4 ��n5=z(
? i):;�30�eE=6�he�l)j ? i|0��6=)*"��lh= =61)2;eo{3eoi)~he�nm? ~ � i|054ml)�#( =6�62308w�=>(1h2h=6fhe�?@?g0m(�& &;w@i):>�
�;eglh&;~ lhe��;n62h&)l;= 1)2h& l;eg�;nm2h=6lx��l;e��hnm2h=6l)lh�d7 ?onm=gik<)l;=z45e�l)&x~;7 * 	$n5=�1)2h&)45=g{|&;n <
:;45eoik&)�;e�l)& � 1;=z45e�267hlh=6?@nmlh�d7�n5ey(�1;eg2)05n�:;2�l;eg�;nm2h=6l)l)�$7Swy45eowo{`?@2he {|l;e��@=�45=mwg2305?on�0
� ?@1xi3=��Slh��e}ik&hl)&)&_l)0 2)&h?6*gsh*rs � & 1h=5wy45=yih~)e@n =m� � ~3?@l)&;nmj l30��5i �${ke�l)&x~_&)?on5=z�hl)&h<>=z4
bvj �6p�
ztmt�u �>smpmpQ& � 5 b ��q�p � � u � t�� ?g(%* ��l)0m1h2)&)(�e�2 ����0m(�&)l)<>e�2 & {|2 * � � � ��� ��<>=��
4�i3e�4�& {k2 *�� q 
;q � � *c��2)& �@n5=z( 1)2;=6n5=6l)l308~ ?@4me�267;n5e�<;:;�;eg?onmj[�)0m?onm&)�hlh= 1h=g{|0m4�i)~he@n
1h2z~k(c=6��:;2h<z0y��1h2h=6fhe�?@?�4K("05lhnm&h&�&I?@=6<)2)0 �S0�e�n`2)0�wglh&)f;:�(�e���{):I<)2h&)4m� (�&Q=6?onm�d�
460mlh&;~ �32305?@?��h&hn�05l)lh� (�&I?�:;�he@n5=>( &��me@w�:;�he@n�0 �@nm=6�o=K1)2h=6fhe�?@?�0h*k�
n6(�e@nm&3(��k�hn5=K4
2)06(�<6087�(c=g{3e@i)e���?@4me�267;n5e�<;:;�;eg?onm&�1h2h=mn5=zl;=z4E&Qlhe��hnm2;=zl;=z4�q	?[& q	�A��(c= �`lh=-=6� � �
~)?@l)&hnmj[l)05�5i �${ke�lh&;~ 4m?oeo7 &xw�=yik&h2h=64z05l)lh�d7 lhe��hnm2;=zlhl)�$7 wg4meowo{ � 1h=64me�267hl;=z?onml)�%e
n5eg(�1he�230�n�:;2)� <>=6n5=62)�$7`�6�%i3&K&xwy(�e�2;eglh�.xy=6��2)0mlh&)�;eglh� &;w 0ml)0�i3&;wy0�n5eg1xi3=64m=6�o= &;wo�
ih:;�he�l)&x~ � �h?@�)&;n�0�~ �h�;n5=/=z?onm��4z0����S&;e�l;eg�;nm2h=6l)l)�%e�wg45e@wo{k� &)(�e���n�2)0�wglh��e�(}0m?@?@�



� ?�(%* �yl3051)2h&3(ce�2 �6��0m(}&hl)<>e�2_& {k2 * � � � � � *m�C&x{|l;=��8�;n5=�:;�;e�n
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1.5 M�
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�_nm2)&x7m06(�& l30[2h&)?m*cs;* s;* 	Cnm&�<h2)&)4m�%e9&x{):xn lheg(�lh=6�@=[l)&��+e9?@1xi3=��Slh�d7 <)2)&h46�$7 *
� =61h=gikl)&;n5e@i3j6l;=6e :>?@<>=62he�l)&;e =6?on6��460mlh&;~ =m�6e�?@1he��)&h4z0�e@nm? ~ �5i|05�o=g{.052z~ 1h2h=6fhe�?@?o:
&xw�ih:;�he�l)&x~ l;e��hnm2)&hlh= 1)2h& <;:;1;e�2h=646?@<>=z( ?@1)0m2h&)460mlh&)& lhe��;n62;=zl;=z4 4 <>=62he6*C��i3&x�
~)l)&;e �@n5=z�o= 1h2h=6fhe�?@?g0�(}0�i)=��z1;=z?@<>=yi3j6<x:�?@45eg267;n5e�<;:;�;e�?@nmj+� �ms�=z? i|0��mih~)e@nm? ~�w80y{k=gih�



�o= {3= �@2305l)&hf)� <>=6230y� ~x{|2h=
��1h2)&h4m=g{)~ < ? ik05�m=6� �gv�v�e�<hnm&h46l;=z?onm& <x:;1he�2h=64m?�<>=6�o=
?@13052)&h4z05l)&x~[l;e��hnm2h=6lh=64 � � =6n5e 7h&)lQ&�{|2 * � qyt � � � * � n6l;=z?@&;nmeoi3j6l)0�~�4z0 �`l;=z?onmjW1h2z~;�(c=6�@=/:;2h<z0y��1h2h=6fhe�?@?�0`4K(}05lhnm&)&[4 �@n5=>( ? i):;�30�e�{.0 �+eS(�e�lhj��_e �3�heg( 4K=mnm? :xn6?onm4m&he
?@45eg267;n5e�<;:;�;e�?@nm& % �6s;*

� =m�z0m4�i3e�l)&;e ?@&hl)� i)e@n6l;=z��?@45e�267;nme�<x:;�he�?on6&�l;e��hnm2h=6lh=64 5 46(�e�?on5=Q% �6s��6=yi)e@e ? :>�
�_e�?@nm45e�l)lh=�1h=645i3&;~;i3=/�6� l)0S=z?onm��4z05l)&;e�lhe��;n62;=zlhl)�$79wg4meowo{I1;=S{|4�:h( 1h2)&h�)&)l)06(%*
��=���1he�2h46�$7 � ?@45eg267;n5e�<;:;�;e�?@nmj 5 1;=yikl;=z?onmj�� 46��<;i�� �30�e@n�1)2z~3(�=6��:;2)<60y��1)2;=zf;e�?�?+4
(}05lhnm&)& � ?�(�* �_nm2)& 7>=645:��N<h2)&h45:��l)0�2)&)?m*ks;* q � 1)&h< �@n5=6��<)2h&)45=z�I4/~;{k2he�wg45eow@{k�
=m�m:z? i)=z4�i3e�l lhe��hnm2)&hl)lh� ( ��l;eg2h�o=z4m�d{3eoi3e�l)&;ey( 1h2)& ?@13052)&h4z05l)&h&'lhe��hnm2;=zl;=z4 5 � *��=���45nm=62)�$7 �3?@4me�267;n5e�<;:;�;eg?onmj 5 wy0mlh&3(}05e@n�l)06(�l;=z�o=/�m=yikj � :�� �305?onmj`=m� � ey(}0+lhe��x�
nm2h=6l)l;=z�9wg4meowo{|���h�;eg(�?@4me�267;n5e�<;:;�;eg?onmj{% �6s �;:z?@&;ik&h4z08~Ilhe��;n62h&)lhlh=me ��lhe�2)�o=646�${ke �
i)eglh&heW1)2)& ?@&hl)� i)e@n6l;=>( ?�1)0m2h&)460mlh&)& l;eg�;nm2h=6lh=64)* 	Cn5= �gl;e�2)�o=z4m�${keoi3e�l)&;eKwy0m(ce�n8�
l;= 1h=6l)& �_0�e�n <h2)&h46�%eE=6?@nm��4z05l)&x~ � :z? i)= �`lx~h~ &hlhn5e�2)1h2he@n�0mfh& � &h?@n5=6�)lh&)<>=64gbZj
�6p�
zt6t@u �>smp6p & � 5 b ��qgp ��� u � t *���� lhe�1)2h&)45=g{|&)(Nl30 2)&)?m*}s;* s <)2h&)4m��e�=6?on6��4608�
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zt6t@u �>smp6pS&h� 5 b ��qgp ��� u � t *
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l;eg2)0m4mlh=645eg?@lh�#� (�=�{|&)v�&)fh&)2h=6460mlhl)��� :;2h<z0y��1h2h=6fhe�?@? �K0Nn�0m< �Se l305�x{3ey( ?@45~;wgj
(ce���{3: ik0m�@2)0ml �Se�4m� ( ?�(ce��+e�lh&heg(

ξ(r, t)
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δµ(r, t)
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( :mik� q6*�t ��q6*rs � *���2)& �me�n�0y��2)0m4mlh=645eg?@&h& l;eg�;nm2)&)lhlh=me �gl;e�2)�o=z4m�${keoi3e�l)&;e+{)i)~ �@n6& 7
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1;=g{|2;=6�6lh=`?�(%*3��<>=645i)e�4/&W{|2 *.t�pmphq � �

Q(n)
eq ≈ 8.1 × 1021

(
m∗

n

mn

)3(m∗
p

mp

)(
np

n0

)1/3

T 8
9 αnβn erg cm−3 s−1 ,

� �3* 
 �
Q(p)

eq ≈ Q(n)
eq

(
m∗

p

m∗
n

)2 (p ��� + 3p �  − p � � )2

8p ��� p �  Θ.
� �3* � �

�k{3eg?@j
n0 = 0.16

v�( −3 u-<>=6l)f;egl;nm2305f)&;~�l;:;<xi3=6lh=64�4`05n5=z(�l)�$79~;{k230y7 � np
uW<>=6lx�

f;egl;nm2305f)&;~ 1h2h=mnm=6lh=64 � mn
&

mp
u (}05?@?�� ?@45=6�m=g{kl)�$7 lhe��;n62;=zl;=z4 & 1)2;=6n5=6lh=64 �

m∗
n

&
m∗

p

u��v�v�e�<hnm&)4ml)�%e`(}0m?@?@� l;e��hnm2h=6lh=64E& 1)2;=6n5=6lh=64E4W1xi3=mnmlh=z( 4me��_e�?@nm45e �



αn, βn ∼ 1
u 1;=z1h23054m=6�)lh��e <>= ��v�v�&hf)&;egl;nm� � �m=yi3e@e 1;=g{|2;=6�6lh= ?�(%*d��<>=645i)eg4 &

{k2 * � q � ��� � *"� v�=623( :6i)e � �3* � � v�:;lh<)f)&x~ Θ �
q �ceg? ik&�1)2h=mn5=zlhl308~ 45e@n64mj 1)2h=6fhe�?@?�0

2)0�wg2he��_e�l30 wy05<>=zl;=>( ?o=g7h2)0ml;e�l)&;~ &)(�1;:mikjm?g0 �
p � � < 3p �  + p � � � �$& Θ = 0

u
e�? i3&�wy0m1h2he��+e�l)0h* �C��230 �+eglh&;~ � �)* 
 � & � �)* � � {3ih~ �gl;e�2)�o=z4m�${keoi3e�l)&x~ (c=z� :xnE�6��nmj
1;=yi):;�;eglh�'&;w =m���+e��9v�=623( :mik� ��qm* q�p � � i|0546� qm*

��2h& �6e@n�0y��23054mlh=64me�?@&)& ?@<>=z2;=z?onm& 1)2z~3(c=z� & =6�6230�nmlh=6� 2;eg0m<hf)&)� (c=g{|&hv�&hf)&x�
2;=z460mlhlh=6�o=E:;2)<608� 1)2h=6fhe�?@?�0W?o=z4m130y{.0���n ��n5=�e�?on6j9?o=6?on�0m4945e��+e�?onm4z0Wl;e`(ce�l;~he�nm? ~ ?
n5e��he�l)&;eg( 4m2heg(ce�l)& * �
2)& �@n5=z( 4I2heg05<)fh&;~x7 (�=6� :xn9:;�305?@nm45=z460�n6j�ik& �SjI�305?on6&hf)�
45�mi3&;wg&9?@4m=6&x7E1h=645eg267hl;=z?on5e����_e�23(�& �3? �gl;e�2)�@&he�� |εi − µi| <∼ kBT

�
i = n, p, e � kBu�1h=6?onm=g~3lhl308~ ��=yi3j6f)("05l30 � *)�
= ��n5=z( :`lhe��hnm2h&)l)l;=6e ��lhe�2)�o=646�${keoi3e�lh&he�wy0m4m&)?@&;n+=mnn5eg(�1he�230�n�:;2)�45e��+e�?onm4z0 �k1)2h=6fhe�?@?_lhe�(c= �+e�nW1)2;=6n5e�<z0�nmjE1)2h&

T = 0
* ��2)&hl)f)&h1)& �

08ikjmlh=�&)l)0�~�?@&hn�: 05f)&x~�45=mwglh&)<605e@n�1)2h&�=6nm<xi3=6lhe�l)&h&/=6n��6e@n�0y��2)0m4mlh=64me�?@&;~ �
δµ 6= 0 � *� �@n5=>( ? ih:;�30�e�?�<>=62h=6?onm&/1)2z~3(c=z�/&+=6�6230�nmlh=6��2heg05<)f)&h�/2308w@ik&h�)l)� � ?@&h?@n5eg(}0�?onm2he �

(�&hnm? ~I1)2)&h�hnm&�4�230546l;=z45e�?�&;e�&�?o=z?on�054�4me��_e�?@nm460/(ce�l;~he�nm? ~ �;1)2)&h�heg( 1h2h=6fhe�?@?�=mn��
<h2)�%n`&I1h2)&

T = 0
*

� :z?onmj
Γ
&

Γ̄
u�<>=gik&)�;e�?@nm45= 1)2z~3(��d7�&�=m�z2)05nml)�$7�2heg0m<hf)&h�S(c=g{k&)v�&)f)&h2h=64z05l)l;=5�

�o=�:;2)<60y��1)2;=zf;e�?�?�0�4 e {|&hl)&)f;ed=6� � eg(}0�4
e {k&)l)&hf;:_4m2heg(ce�l)& *�	
l)0�i3&hnm&)�;e�?�<h&he�4m�#2)08�
�+e�l)&x~`{)i)~

∆Γ = Γ̄−Γ
&/{3i)~-?@<>=62h=6?@nm& ��lhe�2)�o=646�${keoi3e�lh&;~

Qnoneq = Q(n) +Q(p)

4 lhe�23054mlh=64me�?@lh=z( (�=�{|&)v�&)fh&)2h=6460mlhlh=z( :;2)<60y��1)2;=zf;e�?�?oe9�6�%i3& 1h=gi):;�he�lh� � e��)?oe �
l;eg�@�oe�2h=z( � q�shq � �

∆Γ =
14680

11513

Qeq

kBT
y H(y),

� �3* qgp �
Qnoneq = Qeq F (y),

� �)* q6q �
� {ke

Qeq = Q
(n)
eq + Q

(p)
eq

� 0�v�:;lh<)f)&h& H(y)
&

F (y)
23054ml)� �

H(y) = 1 +
189π2 y2

367
+

21π4 y4

367
+

3π6 y6

1835
,

� �)* qyt �
F (y) = 1 +

22020π2 y2

11513
+

5670π4 y4

11513
+

420π6 y6

11513
+

9π8 y8

11513
.

� �)* q�s �
�k{3eg?@j

y ≡ δµ/(π2kBT ) � (}l;= �`&;nmeoi3j π2 4Swgl30m(�e�l)05n5eoi3e�4645e {ke�l-{3ih~9n5=z�o=
�)�hn5=m�z�
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:;l)<hf)&)�

H(y)
&

F (y)4�2z~;{`1h=�=mnm<;i)=zl;eglh&;~3( =mn�2)0m4mlh=645eg?@&x~S~)45ih~)e@nm? ~S45eoik&)�h&)l)0�1h=62z~x{|<60
δµ/(10kBT )� 0�lheK1h2h=6?@n5=

δµ/kBT � * � w-v�=623( :6i � �)* q�p � & � �)* qmq � ? i3e {):ze@nIl308ik&h�)&he�{|4�:>7 2he �
�`&)(c=z4 1x:6i3j6?�05f)&)� *}� e��`&)(��c4 <>=mn5=z2;=>(

δµ � kBT
�
y � 1 � � �5:m{3eg( l308wg�#460�n6j
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�� ��� � 	 
 � � � �"0Q2he��`&3(���4 <>=mnm=62h=z( δµ � kBT
�
y � 1 � u ��������� � 	 
 � � � *C�
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ε � 1 � * ��0m<Q46& {|l;=E&;wSv�=z2)(c:mi �|4Kl30y{kn5e�1;i3=645=>(2;e ��&3(ce
δµ ∆Γ

&
Qnoneq

lhe�w8054m&)? ~hn/=mn/n5eg(}1;e�230�n5:;2h��*
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ξ(r, t)
&I2305?�?o=6� ik08�

?o=64z05l)&;ey(�7h&3(�&h�he�?@<)&x7/1h=mn5e�l)f)&)0�i)=z4
δµ(r, t)

*>�Ceoi3&)�)&hl;:
δµ

(c= �`l;=_1)2;eo{k?on�0m4m&hnmj
<60m< v
:;l)<)fh& � nm2he 7 n5e�23(c=g{k&)l30m(�&)�;eg?@<h&x7 1;eg2;eg(�e�lhl)�$7 �cl3051)2)&)(ceg2 �

nb, ne
&

T
�

δµ = δµ(nb, ne, T )
*5��2)&+<>=yi)e��z05l)&;~x7 wg45e@wo{k� ��nm&S1he�2heg(ce�l)l)�%e$�5:m{):xn
=6nm<;i)=zlx~)nmj8�

? ~�=mn#?�45=6&x7�23054mlh=64me�?@l)�$7
wgl30y�;eglh&)�
nb0, ne0

&
T0
l30%4meoik&h�)&hl)�

∆nb(r, t), ∆ne(r, t)&
∆T (r, t)

*$�d�h&hn�08~ =mnm<;i)=zl;eglh&;~ =6n 2)0m4mlh=645eg?@&x~ lheowgl30y�h&hn5eoikjml)�#(}& � �;nm=�230548�
l;=z?@&;i3j6l;=[:xnm4me�2���{3eglh& �

ε � 1 � �c(c= �`lh= 2)0�w@i3= �`&hnmj v�:;lh<)f)& � δµ(r, t)
4 2z~x{

45�mi3&;wg&�230546l;=z45e�?@l)�$7Wwgl30g�he�l)&h��n5e�23(c=g{k&)l)06(�&)�;e�?�<h&x7I1;e�2heg(ceglhl)�$7 �

δµ(r, t) =
∂δµ(nb0, ne0, T0)

∂nb0
∆nb(r, t) +

∂δµ(nb0, ne0, T0)

∂ne0
∆ne(r, t)

+
∂δµ(nb0, ne0, T0)

∂T0
∆T (r, t).
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∂δµ(nb0, ne0, T0)/∂T0 ∝ T0
�

∆T (r, t) ∼ ∆nb(r, t) T0/nb0
� ?�(%* �Kl3051)2h&3(ce�2 �
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�
µi � kBT0
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1;=g{ n5eg(�1he�230�n�:;2h=6�
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ne(r, t)
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(nbu
α); α = 0,

� �)* q � �
(neu

α); α = ∆Γ.
� �)* q�� �

�k{3eg?@j
uα =

8
xα/

8
s
u ����?@<>=62h=6?on6j#<>=yi3e@�5i ���_e��@=6? ~�45e �_e�?on6460;*��
�6230�nm&3(Q4ml)&)(}0mlh&he
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∆Γ

4+:;2)0m4mlhe�lh&)&El;eg1h2he�2)��4mlh=6?@nm&K{)i)~ � i3e�<;n62;=zl;=z4h*)��lK:;�h&hnm�#460�e�n
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�xi3e�l30m(�& �h1;=yi):;�)05eg( :;230546l;e �



lh&;~ �

∂nb

∂t
+

eν0/2

r2

∂

∂r

(
nb0r

2e−ν0/2 ∂ξ(r, t)

∂t

)
= 0,

� �)* q � �
∂ne

∂t
+

eν0/2

r2

∂

∂r

(
ne0r

2e−ν0/2 ∂ξ(r, t)

∂t

)
= ∆Γ eν0/2.
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��2h&E4m�#45=g{ke �@nm&x7E:;2)0m4mlhe�lh&)��(�� &)?@1;=yikj�w�=z460�i3&Ev�=623( :mi):�� s6� � ?on�05nmjm&Q!�0ml {|2)08�?oe�<z05230 � q��6��� {)i)~I1;=z1h230546<h&Q<I(ce@n62h&)<>e

δλ(r, t)
� ?g(%*32)0�wo{keoi�)*,t � �

δλ(r, t) = −ξ(r, t)

8
8
r
(λ0 + ν0).

� �)* q�� �
��2)0m4mlhe�l)&;e � �)* q � � i)e���<>=`&hlhn5e��@2)&)2x:ze@nm? ~I&W{|05e@n �

∆nb(r, t) ≡ nb(r, t) − nb0 = −eν0/2

r2

∂

∂r

(
nb0r

2e−ν0/2 ξ(r, t)
)

.
� �)*,t�p �

� e��_e�l)&he�:;230546l;e�l)&;~ � �3* q 
 � (c= �+e�n��6�%n6j`1h2he {|?on�0545i)egl;=`4�46& {ke��
∆ne(r, t) ≡ ne(r, t) − ne0 = ∆ne0(r, t) + ∆ne1(r, t),

� �)*�txq �
∆ne0(r, t) = −eν0/2

r2

∂

∂r

(
ne0r

2e−ν0/2 ξ(r, t)
)

.
� �)*,tmt �

�k{3eg?@j
∆ne0(r, t)
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∆ne1(r, t)
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1;eg2)05n�:;2h� �

Wbulk ∝ T̃ 6 � *� �6=gi3e@e�7>=gi3=g{klh=6� wg4meowo{ke �
T̃ � Tvisc

�
Wshear � Wbulk � wy05n�:>7605l)&;eW1;=g{kn5e�1x�i)=z4m�d79<>=yi3e@�z0mlh&)��=6�5:z? i3=64�i3e�lh=�? {|4m&)�o=64m=6��45~;wg<>=z?onmj�� &�1)2h=6&)? 7>=�{|&hn`4`?o=m=6nm45e�n8�

?onm46&h& ?�v�=623( :mi3=6� � �)*�� � � � wgl)0y�)&;nmeoi3j6l;=��m=yi3e@e`2heowg<>= � ��< ?�1;=zl;e�l)f)&)0�i3j6l;= � � :;2;=5�
45e�l)j/<>=yi)e@�>05l)&h�

y0

{3=yi �+e�l��z��?on62;=`130y{.0�nmj)*



�)* � * � ��0y{kn5e�1;i)=z45=z�I2he��`&)( <>=yi)e��z05l)&)�Ewg45e@wo{k�

� l)08{3n5eg1xi3=64m=z( 2he��`&)(ce_4meoik&h�)&hl30
Qbulk

�34m=m=6���_e �o=z45=z2z~ �)l;e ?@4m=g{k&hnm? ~I<I4m�#2)08�
�+e�l)& � nm&h130 � �3* � p � *)�
= ��n5=z( :K?@nm2;=z�o=S4645e�?@nm&-<>=���v�v�&)fh&he�lhnS=6� � eg(}l;=z�K4�~hwg<>=6?@nm&
ζ
lheC:5{.0�e@n6? ~�* 	$n5=�lhe%(ce��S05e@n <>=62)2;eg<;nmlh=
=z1h&)?@��4z0�nmj�?@<>=62h=6?on6j#{k&)?@?@&)1)0mfh&)& �gl;e�2x�

�@&)& <>=gi3e@�>05l)&h��wy0W?@�he@n9(c=g{k&)v�&hf)&h2h=64z05l)l;=z�o=E:;2)<60y��1)2;=zf;e�?�?�0Wv�=z2)( :6i)=z� � �)* s 
 � *��ey( l;e�(�e�l;e�e �>1;=�<h2305�)lhe��9(ce�2he {)i)~W230y{|&)0�i3j6lh�d7El30y{kn5e�1;i)=z4m�d7W<>=yi)e@�>05l)&h� �x4me �
i3&)�)&hl;:

Qbulk

(c= �`lh=W1h=���1h2he��`lheg( :Iv�=623(}08ikjmlh=-=z1h&)?@�#460�n6j-v�=623( :mi3=6� � �)* � p � ?
��v�v�e�<hnm&)4ml)�#( <>= ��v�v�&hf)&;egl;n5=>( =m� � ey(�l;=z��45~;wg<>=z?onm&

ζ
��{|0m460�ey(��#(Nv�=623( :6i)=z�

� �)* � q � ?`{3=z1;=yiklh&hn5eoikjml)�#(N(}l;= �`&;nmeoi)ey(
Qbulk/Qbulk(y0 → 0)

*��l30y{kn5e�1;i3=645=>(
2;e ��&3(ceSn�05<60�~ ��v�v�e�<hnm&)4ml308~ =m� � eg(�l308~[4�~;wy<>=6?onmj-& ?@<>=62h=6?@nmjE4�~;wy<>=6��{k&)?@?@&)1)08�
fh&)& ��lhe�2)�@&)& <>=gi3e@�>05l)&h� =z<60�wg��4z0���nm? ~�wgl)0y�)&;nmeoi3j6l;= �6=yi3j��_e �y�heg(I4�1h=g{3n5eg1xi3=64m=z(
2;e ��&3(ce6* 	$n5=mn �gv�v�e�<hn/:;<608w805lW� ��l)?oeoi3=z( &W{|2 * � q��ms � *|��{kl305<>=�1)2h&I=6fhe�l)<>e�=6� � �
eg(�lh=6��4�~hwg<>=6?on6&Q4-l)08{3n5eg1xi3=64m=z( 2he��`&3(ceS054mn5=62)� {3=z1x:>?onm&;i3& lhe@n5=z�hlh=6?on6jh*�� & 7
v�=z2)(c:mi|0y7 ��q�s � u � q � � {3ih~ �gv�v�e�<hnm&h46l;=z� =m� � ey(�l;=z� 4�~hwg<>=6?@nm& ? i)eo{):ze@n94m?on�0m4m&hnmj
{3=z1;=yiklh&hn5eoikjml)��� (�l;= �`&hn5eoikj ∼ (1 + y2

0)
*���<z08wy0mlhl308~ l;e�n5=6�)l;=z?onmj <z0g�he�?on645e�lx�

l;=�lheK(ce�l;~he�nW=z?@lh=64ml)�$7 2heow@:6i3jyn�0�nm=64E� ��l)?oeoi|0E&[{|2 * � qg�ms�� * � {|l305<>=
� <z05< �5:5{ke@n
1;=z<60�wy05lh=�lh&��+e � 1h2)& 2305?@?g(c=mnm2he�l)&h& wy05n�:>7605l)&x~ <>=yi3e@�z0mlh&)� ? i)eo{):ze@nE:;�h&hnm�#460�n6j
n5e�1;i)=z4�:�� ��4m=gi � f)& � wg45e@wo{k� � �hn5=Q2305lhe@e/l;eS{keoik0�i)=z?@j � * ��2;=>(ce�n5=6�o=�� =mn6(�e@nm&3(���;nm=/4/l30y{kn5e�1;i)=z45=>( 2he��`&)(�e�v�=623( :mi|0 ��q�� � � ��lh?@eoik0S&-{|2 * � qg�ms �|{.0�e@nS76052305<hn5e�2x�lh��e 4m2heg(ce�l30 � � ��� � � 
�������
���� 	 � � 
� 
 wy05n�:>7605l)&x~I<>=yi3e@�z0mlh&)� *

��l30y{kn5e�1;i)=z45=z(I2;e ��&3(ce �
Epuls � Eth

�
y0 � 1 � &�1)2h&�:>? i3=646&h& Wbulk � Wshear�

T̃ � Tvisc � 1;:mikjm?�0mfh&h=6l)l;=6e�:;2)0m4mlhe�lh&he � �)* �>p � (c= �+e@n/�6��nmj`1he�2;eg1h&)?�05lh=`4�4m&x{ke��
8
C2

k(t)8
t

= −αbulk C8
k(t),

� �)* � � �
� {ke

αbulk ≈ 3×104 ε6/ω2
4

? −1 u 1h=6?@n5=y~)l)lh�#��<>=���v�v�&)fh&he�lhny*��
nm? �${.0#1h2)& Ck(0) = 11;=yi):;�)05eg( �

Ck(t) ≈ (1 + 3αbulkt)
−1/6.

� �)* � � �	Cn5=�2he��+e�lh&he�=61)&h?@�#4605e@n�(ce {3i)e�l)lh=me � ?@n5e�1he�lhlh=me � 130y{ke�lh&he`0m(�1;ik&;n�:m{k� <>=gi3e@�>0y�
lh&)� ∼ t−1/6 ?K76052305<hn5e�2)l)�#(N462;eg(�e�l;ey(

1/(3αbulk)
*"�N{.05l)l;=>(2;e��`&3(ce�l305�@2he�4

wg45e@wo{k� 4m?oe�� {.0�1h2he@=m�mik08{|05e@n�l30y{�=g7xik0��S{ke�l)&;ey(��51)2h&)�heg(
Wbulk ≈ (8/3) Lν ∝ δµ

8

& ?�<>=62h=6?onmjIl)0m�@2;eg46091h=6�hnm& lhe/wy0546&h?@&hn�=6nIn5eg(}1;e�230�n5:;2h� � 09=61)2he {3e@ih~)e@nm? ~ 2)0m? �
?o=6� i|05?o=z4605l)&heg(7h&3(�&)�;eg?@<h&x7 1;=6n5e�l)fh&308i3=64

δµ � *�	Cn5=6n�2heow@:6i3jyn�0�n �6�di 1;=yi):;�;egl



�+&hl)fh& & ��=yikjmv�=z( � q�� ��� * �$n5e�1he�lhlh=me�:h(ceglhj��_e�l)&;e
Ck(t)

=6�5:>? i3=645i)e�lh=9?@&;i3j6l;=z�
wy0546&h?�&)(c=z?onmj��

Wbulk
=mn

δµ
� &h�@230����+e���n�: �Se#2h=gikj �m�;nm=�&/?@&;ikjml308~�wy0546&h?@&3(c=z?onmj

=mn
T
4-1;=g{kn5e�1;i)=z45=>( 2he��`&)(ce � *k��2;=z45e�l)jK<>=yi3e@�z0mlh&)��1;=-=mnmlh=��+e�lh& � <�n5e�1;i3=645=5�

( :�{k=yi �+egl�1;=zlh&��_0�nmj6? ~�&Wwg4meowo{.0�{k=yi �`l30 �g45=yi�� f)&h=6l)&h2h=64z0�nmj�<91h=g{3n5eg1xi3=64m=z( :
2;e ��&3( : �

y0 → y0L
� 2308wo{keoi�)* � * q � *�Q{k=6?@n�0�n5=z�hlh=�7z=yi3=g{klh=6��wg4meowo{ke}wy05n�:>7605l)&;ed<>=yi3e@�z0mlh&)��wy0 ?@�he@n ? {|4m&)�o=64m=6��4�~hwo�

<>=6?on6&�1)2he@=m�mik08{|05e@n�l30y{ wy0�n5:>7m0mlh&heg(Ww80%?@�he@n%=6� � eg(�lh=6��4�~hwg<>=6?@nm& � Wshear >∼ Wbulk
�

T̃ <∼ Tvisc � *y�c05<>=6e}wy05n�:>7605l)&;e"{3=yi �`l;=�1)2h=6&)? 7>=�{|&hnmj ��< ?@1h=6lhe�l)fh&308ikjmlh=
�y4�?o=m=6nm45e�n8�?onm46&h& ? � �)* � 
 � ��& wg45eow@{|0K{k=yi �`l30��z��?onm2h= �g45=yi�� f)&h=6l)&h2h=64z0�nmj�< 1h=g{3n5eg1xi3=64m=z( :
2;e ��&3( :z*

�)* � � eow@:6i3jyn�0�n6� (c=g{3eoik&)2;=z4605l)&;~

� =m���_eg( ? ih:;�30�eS?@&h?@n5eg(}0�:;2)0m4mlhe�lh&)� � �3*rs>t � & � �3* �>p � l;e_&3(ce@e�nW05l308ik&hnm&h�he�?@<>=z�o=2;e �_e�l)&x~ ��1h= �@n5=>( : e@e-1h2)& 7>=g{k&hnm? ~ 2he��S05nmj��h&)? i3e�l)l;=3* ��i)~ �@n5=z�o= (�� (c=g{|&hv�&x�
fh&)2h=6460�i3&/&;w�=mnme�2)(}&h�he�?@<;:�� 45e�2)?@& � l)0 �_e��@=�<>=g{|0
=6?on6��460mlh&;~�lhe��hnm2h=6l)lh�d7Swg4meowo{
4m<;i�� �)&)4�4�lhe��o=I�mi)=z< � 2he��S0 ���+&)� :;230546l;eglh&he`wy05n�:>7605l)&x~ <>=yi3e@�z0mlh&)� � �3* �>p � *c�2;e@w@:mikjyn�0�n5eIl30 ��0 1)2;=z�@230m(}(}0 1;=mwg45=yi)~he@n ?onm2h=6&hnmj lhe�n5=yikjm<>= wy0546&h?�&)(c=z?onm& 1;=5�
45e�267hlh=6?@nml;=z� n5eg(}1;e�230�n5:;2h� wy45eowo{|�

T∞
s

� ?K:;�he@n5=z( �@230546&;n�0mfh&h=6l)lh=6�o= <)2)0m?@lh=6�o=
?�(ce��+e�l)&x~ � =mn+462;ey(ce�l)& t

� lh=+&`wy0546&h?@&3(c=z?onm&
Ck(t)

*x�C?oe 2;e@w@:mikjyn�0�nm� 4 �@n5=z( 2)0�wo�
{3e@i)e�1h2)&)45e {ke�l)� {)i)~Iv
:;lx{.0m(ce�lhn�08ikjmlh=6��(c=g{k�'230y{|&308ikjml)�$7�<>=gi3e@�>05l)&h� *.� 05?@�he �
nm� {)i)~��6=gi3e@e�46��?o=z<h&x7�2)08{k&308ikjml)�$7 (c=g{ lheI1h2)&)45e {3:xn < <60y�he�?onm4me�lhlh= lh=646�#(
4m�#45=g{|06(%*

��0-i)e�4m=6� �305?@nm& 2)&h?o:;lh<z0 �)*,t`&;w�=6�6230 �+e�l30En5eg1xi3=64z08~ ��4m=gi � f)&x~ wy45eowo{|� {)i)~
nm2he 7_(�=�{keoi3e�� ��=6n�ik&)�)0 ���+&x7>? ~+l)0y�308ikjmlh=6�+46lx:xn62;e�l)lhe��_n5ey(�1;eg2)05n�:;2;=z�

T̃ (0) = T̃0& l30g�308ikjmlh=6� =mnmlh=6?@&hn5eoikjmlh=6� 0m(}1xik&;n5:5{k=6� <>=gi3e@�>05l)&h�
ε
� ?�(%*$v�=623( :mi): � �3*rs � � *�$1)2)0m460�{3ih~�n5eo7 �Se (�=�{keoi3e���1h=6?onm2h=meglh� wy0m4m&)?@&3(c=6?on6&

Ck(t)
*z��=z�h<z0m(�&Kl)0�i3e�45=z�

�)0m?onm&W2h&)? :;l)<60_=m�m=mwgl30g�he�l30�<h2)&)4608~W=6?on6��460mlh&;~Wlhe�1;:mikjm?@&)2;:����_e��Kwg45e@wo{k� 4S&xwg=��
n5e�23(�&)�;e�?�<>=z( 1h2)&h�5ik& �+eglh&)& *3��2x:	�+=z�;eg<�u/2heow@:6i3jyn�0�n6� l)05�5i �${ke�l)&h�W1x:6i3j6?�05230�4
?o=5wy45eowo{|&)&���0m2x:>?o=64 �VlU�	�F� � � ?�(%*)2)0�wo{keoi qm*,t * q � *�$1;i)= �+lh=6�_i3&)lh&he��Sl)0�=6�me�&x7_�)0m?on�~;7 2)&)? :;lh<z0�=m�6=5wgl30y�;egl)0�(c=g{keoi3j ?

T̃0 = 1010

s &
ε = 0.01

* 	Cn5= (�=�{keoikjQwg45eow@{k����<>=6n5=62308~ 2h=g{k&;ik0m?@j �o=z2z~)�he�� & ?@&;i3j6l;= <>=5�
i)e��5i ���_e��)? ~�* ��0y�)0�i3j6l)0�~ �gl;e�2)�@&;~ <>=yi3e@�z0mlh&)�'1)2h&3(ce�2)l;= 4 {|460 2)0�wy0 (ce�l)j �_e
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δµ ∼ kBT
* ��05�@2he�4Wwg4meowo{|� &xw@� wy0�4�~;wy<>=6�[{|&)?@?@&)1)0mfh&)& �gl;e�2)�@&)& <>=yi3e@�z0mlh&)�

1h2h=6&)? 7z=g{k&hn�? ik05�me@e � �heg( l;e��hnm2)&hl)lh=me�=g7xik0���{3e�l)&he`1;=g{ {ke��)?onm4m&heg( lhe�2)0m4mlh=64me�? �
l;=z�o=�(c=g{|&hv�&)fh&)2;=z460mlhlh=6�o=�:;2)<608� 1)2;=zf;eg?@?�0 � 1;=��@n5=z(c: wg45eow@{|0�=z?onm�#460�e�ny* �
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4m<;ik08{W4�{|&h?@?�&h1305f)& � <>=yi3e@�z0mlh&)�`4 l30g�308i3e�=6?on6��460mlh&;~/{.0�e@n =6� � eg(�l308~�4�~hwg<>=6?@nmjh*
�I05< ?@&3(}08ikjml)�%eI=mngi3&)�h&;~ n5eg(�1he�230�n�:;2)� 1;=z45e�267hlh=6?on6& n�0m<>=6��wg45e@wo{k� =mn nmeg(�1he �
2)05n�:;2)� 1h=64me�267hlh=6?onm&'lhe�1;:mikjm?@&)2;:����_e�� wg4meowo{|� &3(ce���n (ce�?onm= 1)2h&

t <∼ 1000i)e�ny* �$?oe �@n5=[4m2heg( ~
δµ

=6?@n�0�e@nm? ~ 1;=z2z~x{|<60
kBT

�
y0 ≈ y0L � *c��2)& t >∼ 1000

i3e@n
wy0�n5:>7m0mlh&he/<>=gi3e@�>05l)&h� l30y�h&)l)05e@nW=61)2;e {keoi)~hnmj6? ~ ? {k46&h�@=645=z�[4�~;wy<>=6?onmj�� � <>=mn5=z2)0�~
�o=62308w@{3=�? i|0��6e@e$wy0546&h?�&;n�=mn�nmeg(�1he�2)05n�:;2)���z�;ey( =m� � eg(�l308~S45~;wg<>=z?onmj � * 	Cn5= 1)2h&)45=5�{k&hnQ< �z��?onm2h=z(c: � ��< ?@1h=6lhe�lhf)&308ikjmlh=z( : � wy05n�:>7605l)& � <>=gi3e@�>05l)&h� 4I1h=g{3n5eg1xi3=64m=z(
2;e ��&3(ce �

Epuls/Eth � 1 � 1h23054z08~��305?onmjK2h&)? :;l)<60 �)*,t � *�
=62h=mnm<)&)(}& �_n62h&x760m(�&�l30/2)&h? :;l)<>e �)*�t+1h=6<z08wy0ml)0/(c=g{keoi3j/&)? 7>=g{klh=S7z=yi)=g{|l;=z�
wg45e@wo{k� ?

T̃0 = 106 s &
ε = 0.01

*c��0g�308ikjmlh=me-=mnmlh=��+e�l)&;e ��lhe�2h��&h& <>=yi)e��z05l)&)�
& n5e�1;i3=645=z� ��lhe�2)�@&)& ?o=6?@n�054�i)~he�n

Epuls0/Eth0 ∼ 5 × 107 ��nm= e�?onmj�wy45eowo{.0�1x:6i3j��
?@&)2x:ze@n 4 ?@&;i3j6l;= l)08{3nme�1xi3=64m=z( 2;e ��&3(ce6*d� wQv�=623( :mi � �)*��)q � ? i3e {3:6e@n����;nm= 1)2)&
?on5=yikj9lh&;wg<)& 7 n5eg(}1;e�230�n5:;2)087

Wbulk � Wshear
& wy45eowo{.0W?@l30g�308i|0E2308w�=z�@2;eg460�e�nm? ~

wy0�?@�;e�n�? {k46&h�@=645=z�S45~;wg<>=z?onm& *>��0m�@2;eg4
wg4meowo{|� �mik0m�o=g{|0m2z~�=6� � eg(�lh=6�/45~;wg<>=z?onm&/l)08�
�h&)l30�e@n_1)2;e�=m�5i|0y{.0�n6j�i3&��+j 1)2)&

T̃ >∼ 5×108 sS*;� 08w�=z�@2;eg4 �+&)?@j
{3= nmeg(�1he�2)05n�:;2)�

T̃ ≈ 1.7 × 109 s w80/4m2heg( ~
t ∼ 1

(ceg? ~3f)0 �xwy45eowo{.0/1he�2;eo7z=g{k&hn`4`1)2;=>(ce��/:xn5=z�hl)���
2;e ��&3( 1x:6i3j6?�05f)&)� �

δµ ∼ kBT � & l30g�)&)l)05e@nE=6?onm�#4605nmjh* ��2)& t >∼ 10
i)e�n-wy45eowo{.0

��45=yi � fh&h=6l)&)2x:ze@n 1;= nm=z( : �+e�� :;l)&)45e�2)?�08ikjmlh=z(c:�� ?�f;e�l3052)& � �
y0 ≈ y0L � �c�;nm= &{)i)~I1he�2h4m=6�I(�=�{keoik& *

��i3&)lhl)�#(}& �_nm2)&x7m06(�& &;w�=m�z2)0��+e�l)� 2heow@:6i3jyn�05nm� 2)0m?@�;e�n5=64[1)2h& n5eo7 �+eEl)08�
�)0�i3j6lh�d7 :z? i3=64m&;~x7 � l;=[1h2)& ��l305&)4mlh=z( ��1)2;egl;e@�z2;e �+e�l)&h& lheoi3&)lhe��hl)�#(}& ��v�v�e�<x�
n�0m(�&K4 l;e�230546l;=z45e�?�lh�d7��me�n�0y��1h2h=6fhe�?@?�087 *5	'&3(ce�l)l;=��zl;e��hnm2)&hl)l308~-?@4me@nm&3(c=6?@nmj 1;=5�
i)= �+egl)0�230546l;=z�

Lν = Lν0
�|0�wy0�n5:>7m0mlh&he_<>=yi)e��z05l)&)�9wy0�?��;e@nK=m� � ey(�l;=z��4�~hwg<>=6?@nm&

2)0m?@?@�)&;n�0ml;=
1h=
v�=623( :mi|0m( � �)* � p � & � �)* � q � *m�C&x{klh=
�y�hn5=
n�0m<>=med1h2)&h�5ik& �+eglh&he%45e {ke@n<Q<z0y�;e�?@nm45e�l)lh=-lhe�45e�2)l)�#( 2heow@:6i3jyn�0�nm=z(%* �"~;wg<)&)�Ql305�@2he�4/wy45eowo{|� 4Kn5e��he�l)&;e+1he�2x�
45=z�o=I�o=g{.091;=z? i3e`45=mw��5:	��{ke�l)&x~ <>=gi3e@�>05l)&h� =6<z08wg�#460�e�nm? ~ �@=62308wo{k=I? ik05�me@e � �heg('?
:;�;e�n5=z( lheoik&hlhe��)lh�d7 ��v�v�eg<;n5=z4 �h&9(ce {3i)e�l)lhe@e
2)0�w�=6��2;e�4z0�e@n�wy45eowo{3:z*;�
e��hnm2)&hl)l)0�~



�c&)?m* �)*,t �k� 054m&)?@&3(c=6?@nm&9n5eg(}1;e�230�n5:;2h� 1h=64me�267hlh=6?onm& � ? i3e�460 � &I0m(}1xik&;n5:5{|� 1x:6i3j��
?�05f)&)� � ?@1)2305460 � =mn�4m2heg(ce�l)&�{)i)~�nm2;eo7�l)0y�308ikjml)�$7�:z? i)=z4m&)� � T̃0 = 1010 s � ε = 0.01� ?@1xi3=��Slh��e�i3&)lh&)& � � T̃0 = 106 s � ε = 0.01

� �+nm2h&x7h& � � T̃0 = 106 s � ε = 0.0001� �_nm2)& 7 ��1;:;lh<hnm&)2 � *�� =z2;=6nm<)&;e �_n62h&x7h&�u�?�06(c=6?@=6� ik0m?o=64z05l)lh�#��2305?��;e@n � {)ik&hl)l)�%e
�_nm2)&x7h&9u�2)0m?@�he@nK4K1)2he�l;e��62he��+e�l)&h&�lheoi3&)lhe��hl)�#(}& �gv�v�e�<hn�0m(�&Q=mnm<;i3=6lhe�lh&;~[=mn
�me@n�08� 230546l;=z45e�?�&x~ � ?�(%*)n5eg< ?on � *k� =6�)<60m(}& � ? i3e�460 � 1h=6<z08wy0ml;=�=z?onm��4z05l)&;e lhe�1;:mikjm?@&x�2x:����+e�� wg45e@wo{k� 4Q&;w�=mnme�2)(}&h�he�?@<>=>( 1)2h&h�5ik& �Se�lh&)& *���2;:	�`<>=z('=6�m=mwgl)0y�he�l)� 2he �
w@:mikjyn�0�nm� l)05�5i �${ke�lh&)��1;:mikjm?�0m2)0/4�?@=5wg4meowo{|&h&Q��052;:z?@=64 �VlU�	�F� � *
?@45e�nm&)(�=6?onmj wy45eowo{|� =6<60�wg��4z0�e@n6? ~ n5= �+e ? ik05�me@e ��4m? i3e {k?@nm4m&he��he��o= wg4meowo{.0 2308wg=��
�@2he�4605e@nm? ~/{3=��m=yi3e@e
4m�#?o=6<)& 7Knmeg(�1he�2)05n�:;2 *3�Cik05�m=me
wy0�n�:>760mlh&he wy0+?@�;e�n_=m� � eg(�lh=6�
4�~hwg<>=6?on6& v�05<hnm&)�;e�?�<h& lheK=z? i|0��mih~)e@nQ0m(}1xik&;n5:5{3: <>=yi)e��z05l)&)� wy45eowo{|� 4Qn5e��he�l)&;e
1;eg2h4m=6�o=��o=g{.0;*

�n62h&x7h1x:;l)<hnm&h2)l)�%e#i3&)lh&)&+l30 2)&h?o:;lh<>e �)*,t%=mnm4me��)0 ��n�(c=g{keoi3&�7z=yi)=g{|l;=z� wg4meowo�
{k�N?

T̃0 = 106 s &
ε = 0.0001

* ��0y�308ikjmlh=me�=mnmlh=��+e�l)&;e�1;:mikjm?�0mfh&h=6l)l;=z� & nme�1 �
i)=z45=z� ��lhe�2)�@&)�Kwy45eowo{|� 1)2h&3(ce�2)lh=�230546l;=

Epuls0/Eth0 ∼ 5× 103 �xn5=Seg?onmj�&h? 7z=g{|l;=
wg45e@wo{|0Ql30y7z=g{|&;n6? ~ 4 l30y{kn5e�1;i)=z45=z( 2he��`&)(�e6* ��eg( lheE(cegl;e@e ��lhe�2h��&h& <>=yi3e@�z0mlh&)�
�
Epuls0 ∼ 5× 1045 ��2)� � l;eo{3=z?on�0�n5=z�hlh=
�h�hn5=m�z� 2308wg=6�@2he@nmj+wg45e@wo{):/{k=�n5eg(�1he�230�n�:;2 �
1h2)& <>=mn5=z2h�d7 wy05n�:>7605l)&;eK<>=yi3e@�z0mlh&)� l)0y�)&hl30�e@nQ=61)2;eo{3eoi)~hn6jm? ~ =m� � eg(�lh=6� 4�~;wy<>=��
?onmj��_*�� =��@n5=>( : ��lhe�2)�@&;~ <>=yi3e@�z0mlh&)��{|&h?�?@&h1)&)2x:ze@n9�5i|05�o=g{.052z~ ? {k46&h�o=z45=z� 4�~;wy<>=��
?onm& *5� 0�n�:>7605l)&heC<>=yi3e@�z0mlh&)�_1)2;=z&h? 7z=g{|&;n 1)2h&h�5ik&xwy&;n5e@i3j6l;= w80�qgpmp�i)e�n � ?�(�*�1)2)0m4�:��



�c&)?m* �)* s �|� 0546&h?�&)(c=z?onmj�0m(}1xik&;n5:5{|� 1;:mikjm?�0mfh&)�9=mn`462;ey(ce�l)&W{)i)~Q(c=g{keoi3&9wg45eow@{k�
?9l)0y�308ikjml)�#(�&�:>? i3=646&x~k(�&

T̃0 = 109 s �
ε = 0.01

*"�d1xi3=��Sl)0�~ ik&hl)&;~ u ?�0m(c=5�
?o=6� i|05?o=z4605l)l)��� 2305?��;e@n�?�:;�;e@nm=z( n5eg1xi3=64m=6� ��45=yi � fh&)& wg45eow@{k� & l;e@i3&)l;eg�hl)�$7
��v�v�e�<hn5=z4 1h2)& =mnm<;i3=6lhe�lh&)& =6n �6e@n�0y��23054mlh=64me�?@&;~ � ?�(�*}n5eg< ?on � � n5=6�)<)&�u n5= �+e �
l;= n5ey(�1;eg2)05n�:;2)0 v�&)< ?@&h2h=64z05l30 � <>=z2;=6nm<h&he �_nm2)&x7h&�u n5= �+e �C�hn5= & ?@1;i)= �+l308~
i3&)l)&x~ � l;=Ilheoik&hlhe��)lh��e ��v�v�e�<hnm� lhe�:;�h&hnm�#460���n6? ~ � {3i3&)lhl)�%e �+nm2)& 7h& u�l;e@i3&x�
l;eg�hl)�%e ��v�v�eg<;nm� l;e�:;�)&;nm�#460 ��nm? ~ �3n5eg(}1;e�230�n5:;2)0�v�&)< ?@&h2h=64z05l30;*
�)0m?onmj`2)&)? :;lh<z0 �)*,t � *.��?onm�#4605l)&he�wg45eow@{k�'1)2h&

t >∼ 100
i)e�n`& {ke@n�wy0/?��;e@n`&;w@i):;�;eo�

lh&;~ v�=6n5=6lh=64)*�� w+i3e�45=z� �)0m?onm& 2)&h?o:;lh<z0 �3*�t`4m&x{klh=
� �hn5=E{.05l)l)0�~ (c=g{3eoikjE(c= �+e@n
4�1h2)&hl)f)&h1he =m� � ~)?@l)&;n6j�1h=64me�267hlh=6?onml;:�� n5eg(�1he�230�n�:;2;:`l;e��hnm2h=6l)l;=z��wg4meowo{|���z&3(ce �
���_e�� 1h2)&3(ce�2)l;=�n5: �+e�n5e�1;i)=z4�:�� 2he�lhnm�oe�lh=646?@<;:�� ?�45e@nm&3(c=z?onmj � �;n5=�& 1;:mikjm?�0m2
4[?o=5wg4meowo{|&h& ��052;:z?@=64 ��l;=�{|2;:;� :�� &)?on5=z2h& �_*"��051)2h&3(ce�2 � �@n5= (c= �+e@n[�z�%nmj ?on�08�
2)0�~�� =z?onm��4��S0�~ � &;w�=yi3&)2;=z460mlhl308~9l;eg�;nm2h=6l)l308~Ewg45e@wo{|0 �x4�<>=mn5=z2;=z�91;=/<60m<>=6�x� ik&h�m=1h2)&)�h&)l;e94m=5w��m:	�S{ke�l)� 2)08{k&308ikjml)�%e9<>=yi3e@�z0mlh&;~ *�� 0�4m2heg( ~ 1;=z2z~x{|<60 q�pIi3e@n 1;=5�
? i3eS4m=5w��m:	��{3e�l)&;~ <>=yi3e@�z0mlh&)��wg4meowo{.0K2308w�=z�@2he@e@nm? ~�{k=9n5eg(�1he�230�n�:;2)�N1;:mikjm?�0m2)0W4
?o=5wy45eowo{|&)& ��0m2x:>?o=64)*�!
e�2;e@w�qgpmp-i3e@nI<>=yi3e@�z0mlh&;~ wy05n�:>7hlx:xn���lh=In5e�1;i3=645=6e`?o=6?@n5=y~x�
lh&heWwg45e@wo{k� =z?on�05lhe@nm? ~ l;eg&xwy(�e�lhl)�#( 1)2h&3(ce�2)lh= q�pmp�n6��? ~)� i3e@n��c& i3&��+j 1h=mnm=z(
wg45e@wo{|0`l)0y�)l;e@n-wy06(ce@nmlh=-=z?onm�#460�n6jh*�� =g{|�;eg2h<)l;ey(��|�hn5=92;e@w@:mikjyn�0�nm�1)2)0m<;nm&)�he�?@<)&



l;e &;wy(ce�l;~hn6? ~ �meg? ik&`4 <60y�he�?onm4me
T̃0

45w@~hnmj��6=yi)e@e�l)&xwg<;:�� n5eg(}1;e�230�n5:;2x: �xl)0m1h2)&)(�e�2
T̃0 = 104 sS* � 45eowo{.0`?@=W?onm=gikjElh&;wg<>=z�[n5eg(�1he�230�n�:;2h=6� 46?oe+230546l;=94-n5e��he�lh&he/�o=g{|0
2)0�w�=6��2;e@e�nm? ~+{3= 1h=64me�267hl;=z?onmlh=6��nmeg(�1he�2)05n�:;2)�

T∞
s ∼ 7×105 s &`?on�0ml;e@n�?@4me@nm&hnmj

4�( ~)�@<>=>( 2he�lhnm�oe�lhe6*
��=�46?oe 7_2)0m?@?�(c=6nm2he�lhl)�$7/1h2)&)(�e�2)087 {)i)~�1)23054m&;ikjmlh=6�o=�2)0m?@�;e�n�0 wy0�n5:>7m0mlh&;~�<>=5�

i)e��z05l)&)� 460��`l;=I:;�h&hnm��4z0�nmjQn5e�1;i3=64�:�� �g45=yi�� f)& � wg45eow@{k��* 	d45=yi � fh&h=6l)lh��e ��v
�
v�eg<;nm� =6?o=6�me�l)lh=K460���l)� 4K2;e��`&3(ce �.<>=6� {|0Swy05n�:>7605l)&;eS<>=gi3e@�>05l)&h�I=61)2;e {keoi)~he@n6? ~
l;eg2)0m4mlh=645eg?@lh� (�&��me@n�08� 1)2h=6fhe�?@?�06(�& * 	Cnm& �gv�v�e�<hnm� =mnmlh=6?�&;n5e@i3j6l;=_? ik05�6� i3&��+j�4
1;=g{kn5e�1;i)=z45=>( 2;e��`&3(ce_&�1)2h&I:z? i3=64m&)& �h�hn5=Kwy0�n�:>760mlh&he <>=gi3e@�>05l)&h�I=61)2;e {keoi)~he@n6? ~
? {|4m&)�o=z45=6�945~;wg<>=z?onmj��_*

�"{keoi|05l)lh��e�:xn645e�2���{ke�lh&;~�1)2h=6&;ihi � ?onm2)&h2h=64z05l)� n�0m< �+e_l30/2)&h? :;l)<>e �)* s;*|�c&x�
? :;lh=6<W1;=z<608wy��4605e@n_w80�n�:>7605l)&he�<>=yi)e��z05l)&)�Kwy45eowo{|� ?�l)0y�308ikjmlh=6�E4ml;:xnm2he�lhlhe��En5ey( �
1;eg2)05n�:;2;=z�

T̃ (0) = 109 s &Il30g�308ikjmlh=6�Q=mn6l;=z?@&;nmeoi3j6l;=z��06(�1;i3&hn�:5{k=6�[<>=yi3e@�z0mlh&)�

ε = 0.01
* ��0y�308ikjmlh=me`=6nmlh=��_eglh&he ��lhe�2)�@&)& <>=yi3e@�z0mlh&)� & nme�1xi3=64m=6� ��lhe�2)�@&h& ?o=5�

?on�0545ih~)e@n
Epuls0/Eth0 ∼ 50

�cn5= eg?onmj wy45eowo{.0[<>=yi)e��5i3e@nm? ~ 4 ? ik05�m= l30y{kn5e�1;i3=645=>(
2;e ��&3(ce6* �$1;i)= �+l308~�ik&)lh&;~[1h=yih:;�he�l30`4-2;eow�:mikjgn�05n5e+?�06(c=6?@=6� ik0m?o=64z05l)l;=z�o=�2;e��+e �
lh&;~W:;2)0m4mlhe�lh&;~9n5e�1;i)=z45=z� ��45=yi � fh&)&9&W:;2)0m4mlhe�l)&x~Wwy0�n5:>7m0mlh&;~�<>=yi)e@�>05l)&h� *k� =yi3e �
�z0mlh&;~ wy05n�:>760���n 1h= ?onme�1;eglhlh=z( : w805<>=6l;: 1h2)&3(ce�2)l;= q�pmp[i)e@n8*c�+08i3e@eWwy05n�:>7605l)&;e
=61)2;eo{3eoi)~he�nm? ~ ? {k46&h�o=z45=z� 4�~;wy<>=6?onmj�� & 1)2h=6&)? 7>=�{|&hn �g< ?@1;=zl;eglhf)&)0�i3j6l;= � <>=gi3e@�>0y�
lh&;~�1;=yikl;=z?onmj � wy0�n5:>7m0 ��n�1)2)&)(ceg2hlh=��he�2heow�qgpmpmp
i3e@ny*m��=z�;e��)l308~�i3&)lh&;~�1;=yi):;�;e�l30
1x:xnmeg(�2;e��+e�l)&x~�:;2)0m4mlhe�l)&x~�wy05n�:>7605l)&x~+<>=yi3e@�z0mlh&)���meow�:;�;e�n�0 n5e�1;i)=z45=6� ��45=yi � fh&)&
wg45e@wo{k� � 1h2)&[1;=z?on5=y~)l)l;=z� 4ml;:xnm2he�lhlhe��[n5ey(�1;eg2)05n�:;2;e

T̃ = T̃ (0) � * � �@n5=z( ? i):;�30�e
<>=yi)e@�>05l)&x~�wy05n�:>760���n ?@1he�2h4z0 w80�?@�he@n�=m� � eg(�lh=6� �60�1;=6n5=z( wy0�?@�he@n�? {|4m&)�o=64m=6�/4�~hwo�
<>=6?on6&Iw80 ∼ 30

i3e@ny* �
=62h=mnm<)&)(}& �_nm2)& 7606(�&[1;=z<608w805l)� 2heow@:mikjyn�0�nm� ?o=z46(ce�?@nml;=z�o=
2)0m?@�he@n�0/n5e�1;i3=645=z� ��45=yi � fh&)&[&�wy05n�:>7605l)&x~ �klh=-4K1)2he�l;e��62he��+e�l)&h&�lheoi3&)lhe��hl)�#(}&
��v�v�e�<hn�0m(}& 4 lhe�2)0m4mlh=64me�?@l)�$7 �me�n�0y��1h2h=6fhe�?@?�087 *���2h&3(ce�2)lh= q�p6p[i3e@n <>=gi3e@�>05l)&x~
wy0�n5:>7m0 ��n wy0 ?@�;e�n =m� � eg(�lh=6� 45~;wg<>=z?onm& 1;= ?on5e�1he�l)l;=>( : wy0m<>=6l;: ��lh= (ce {3i3e�lhlhe@e �
�;ey( ?+:;�;e�n5=z( lheoi3&)lhe��hl)�$7 ��v�v�e�<;nm=64h* �+0�i)e@e/?on�0ml;=z4m&hnm? ~ ? :��+e�?onm4me�l)l;=z� ? {|4m&x�
�o=64z08~ 45~;wg<>=z?onmj)* � 0�n5:>7m0mlh&he-1)2)&;=6�62he@n�0�e@n ��< ?@1h=6lhe�l)fh&308ikjml)��� 76052305<hn5e�2 & 1)2;=5�
&h? 7z=g{|&;n�1;=z�;n6&Sn�0m< �+e �5<z05</&�?$:;�;e�n5=z( l;eoik&)l;e��)l)�$7 ��v�v�e�<;nm=64h* ��05<>=zl;e�f �g{3i3&)lx�
lh��e �_nm2)& 7h&Q1;=z<60�wg��4z0���n`2heow@:mikjyn�0�nm� 2)0m?@�;e�n5=64/�6eow�:;�he@n�0/nme�1xi3=64m=6� ��45=yi � fh&)&
& lheoik&hlhe��)lh�d7 ��v�v�e�<hn5=z4h* ��0m< & ?�:;�;e@nm=z('lheoik&hlhe��)lh�d7 ��v�v�e�<hn5=z4 � n5=6�he��)l)0�~



i3&)l)&x~ � �xwy05n�:>7605l)&;e ~34�i)~he@n6? ~E2;eowy<h&3( � ��< ?@1h=6lhe�l)fh&308ikjml)�#( � &�{3i3&hnm? ~�1h2)&)(�e�2hlh=smp+i3e@n �3lh=`1h2h=6&)? 7z=g{k&hn`4m?@e �+e_(ceo{)i3e�l)l;e@e � i3&)l)&x~Q&;w�{)ik&hl)l)�$7 �_n62h&x7z=z4�2)0m?@1;=5�
i)= �+egl)0/46� �_e�n5=z�;e��)lh=6�9ik&)lh&)& � *

�)* � ��?@lh=64ml)�%e�2heow@:mikjyn�0�nm�'�he@nm4me�2hn5=6��� i|0546�

�
�m=m���S0�~ & :xn5=z�hl;~;~ 05l308ik&xw9�+&)lhf)& & ��=yikjmv�0 � q�� � � � (�� 2)0m?@?�(c=6nm2;e@i3& n5e�1;i)=5�
4�:�� �g45=yi�� f)& � lhe�?@45eg267;n5e�<;:;�;e��Elhe��hnm2;=zlhlh=6�9wg45eow@{k���x?o=z45e�2��S0 ���_e��E(}08ik�%e�2)08�
{k&308ikjml)�%e <>=yi3e@�z0mlh&;~ *.���'1;=yi):;�h&;ik&I?@45~;wy0mlhl;:�� ?@&)?on5ey( :K:;230546l;e�l)&)�9n5e�1;i)=z45=z�
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q p;*,t � � � ��
 − �h* � � � q �z� − t * ����
6pmp�� p;*�t5� 
 ��smp
t p;* pmp6s � s>t − q6* �mp��;q �mt ���3*rsms6pm�6s p;*rp�
 �>t ���
s q��h* � ��pms�� ph* 
>t�pzt � p − t * ��sm� � � � p;*rp6pzt �;q�s
� p;* pms6�ms � p qgp;* q � qgpms p;* p �6szt�s>t qm* � � t�
ms�

�− � �
� p;* q �5s � �hq � * 
 � � t5�zt p;* s 
6p 
;q 
 s;* p��	�5s 
�� �− � �
� p;* pms�� � �6� ph*rp>t�sms6szt − p;* p;q � �zp � p;*rp>tmt �)q �
� p;* q�phq�p;q � ph*rp6pms;q �;q − q��h* � �6s��>p p;*rp6p;q 
ms �

 q��h*r�hq � ��� t5p;q6* 
 � ��� qmq8t *�� � q6q � * 
�� ���)qgp
�− � �
� p;* pm�6sms � s � * � t�p 
�� � � q � * � s��>s p;* pmp;qg�;qgp
q�p p;* q�phqmq�
�
 q6*�t � ��p>t q p;* q�s�� � t �
qmq p;* s��>sms�� � − tx*rsm� ��
 � � − p;* q � � � p6sqyt − p;* q�s � smp � q6*rp �6� � � q − p;* pzt �6pmp�
q�s t *��zp��zs��6t ph* � 
;q�
 � � qm*,t ��� �mp6s
q�� qm* p ��� �;q � � 
��x* � t �mp − t � * ��p6�;qg�q � qm* p 
6�msm�6p − ph* � � t���
 
 � � 
;* q � �>t
q�� − t � � * �ms�� t p;* szt�
hq�p�

q � q � * 
ms��5p 
 p;* ���xt��mshq
q�
 p;*,t��6pzt�
�
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A = p1 + p2t
2 +

p4

1 + p3t
− p5t,

B = p6 + p7t
2 +

p9

1 + p8t
− p10t,

C = p11 −
p12

y (1 + p13z2)3
,

t = cos2(ϕ), y = sin2 (ϕ + p15),

z = cos2 (ϕ + p14) .
� s �
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A = p1 + p2z
2 +

p4

1 + p3z
+ p5z,

B = p6 −
p7q

1 + p11t2
+ p12qt

2,

C = p13 + p14y
3 +

p16y
3

1 + p15z2
− p17y

2,

z = cos2 ϕ, t = cos2(ϕ + p8),

q = sin2(p9ϕ + p10), y = sin2

(
ϕ +

3π

4

)
.
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A = p4 +
p1y

1 + p2y + p3y2
+ p5y + p6yt,

B = p10 +
p7y

1 + p8y + p9y2
+ p11y + p12yt,

C = p16 +
p13y

1 + p14y + p15y2
+ p17y + p18yt,

t = sin2

(
2πϕ

0.321750554

)
, y = sin2 ϕ.
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A = p1v
2
1 + p2v

2
2 + p3v

2
1v

2
2 + p4v

6
1 + p5v

6
2,

B = 1 + p6v
2
1 + p7v

2
2 + p8v

4
1,

C = 1 + p9v
4
2,
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q − p;* � q��6� 
hq − �h* �	� � ���zs p;* s;q��6p��3q p;* � � � pmp;q
t − p;* pzt � � �hq − q6* q�
6�zt ��� − t�
 �h*�t �m��� ph*rp�
�� �>t �
s p;*,t � ��s � � ph* � �;q�s��	� t � 
mph* �m�hq p;* pmpm� � � �
� qm*,t��6pmp � � �h* � � s ���m� − t���
;* 
>t q � qm*r�6���xq���� �− � �
� p;* q�p6p��z�6� sh*rs6�m� ��� � q���
��3* qmq � s;* ��
zt�
mp � �− ���� p;* q�� 
��z��� − �h* q �6t ����� s � pms;* p ��� p;* q ��shq�� �
� p;*,t � s 
 
hq − tx*r��� � � �ms p;* sms;q � � q qm* �5� ���)q�s��−5

�

 q��>p;* sm� ��� q6*rp � sm� � � − p;*,t�� � ����� � * �xq�phqyt � �−8

�
� p;* q�s>t��;q � qgp;* s 
 � t�� q�p�� 
h*rszt � p;* pmp;qg� � �
q�p p;*,t�
6p���� � �x* qgs 
ms6� � � ��� t�
;*rphq
qmq p;* s�� � � �6� p;* pzt � � p6p
qyt − p;* p �m��
��>s p;* qyt�p � s6�
q�s s;* q�p6p ���xt 
 �h* � � 
m�6�
q�� p;*,t � � �zs�� � �xq��h* q�s��
q � p;* sms6p � � � t�
 � * 
��	�5s
q�� p;*��zp>t qmq6q
q � q��6� � � * q �

A = p1 + p2t
2 +

p4

1 + p3t
− p5t,

B = p6 + p7t
2 +

p9t

1 + p8t2
− p10t,

C = p11 −
p12

y(1 + p13z2)3
,

y = sin2(ϕ + p15), t = cos2 ϕ,

z = cos2(ϕ + p14).
� � �
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A = p1 + p2z
2 +

p4

1 + p3z
+ p5z,

B = 0.035,

C = p6 + p7z
2 +

p9

1 + p8z
+ p10z,

z = cos2 ϕ, t = cos2(ϕ + p8),

q = sin2(p9ϕ + p10), y = sin2(ϕ + 3π/4).
� 
 �
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A =
p12 (1 + p15ϕ

2 + p16ϕ
3 + p17ϕ

4)

1 + p13ϕ2 + p14ϕ3
,

B = p11 +
p7

1 + p8ϕ2 + p9ϕ3 + p10ϕ4
,

C =
p1 (1 + p4ϕ

2 + p5ϕ
3 + p6ϕ

4)

1 + p2ϕ2 + p3ϕ3
.
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A = p1v
2
1 + p2v

2
2 + p3v

2
1v

2
2 + p4v

6
1,

B =
√

1 + p6v2
1 + p7v2

2 + p5v8
1 + p8v6

1,

C = 1 + p9v
4
2.
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A = p1 + p2ϕ +
p4ϕ

(1 + p3tϕ)2
+ p5tϕ

2,

B = p6 + p7ϕ +
p9ϕ

(1 + p8tϕ + p10yt)2
+ p11ϕ

2,

C = p12 − p13t +
p16

(1 + p14t2)2
+ p17tϕ,

y = sin2(ϕ + p15), t = cos2 ϕ.
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q p;*,t�
�
zt�p6s ph*rs�� 
zt5�;q p;* s 
 � � �xt p;*,t �mt���s6p
t − p;* qyt � ��� � − ph*rp � � � � t − q�� � * � �z�zt ph* qg� � 
 � 

s q �x*rs��zt �5s − ph*rp 
�� �6��� smp6szt * � 
 � p;*rp6p � �mpms
� p;* p 
6sms �>t − ph*rpms6�zt �zp − q�
��;*rp�� � t t * ��� � s 
m���− � �
� p;* p � �mp��>� − ph* q���
��xqyt smp � t * �;q � t * � �ms6p � � �− � �
� p;* pzt�
mp 
�� − ph* ��p��	� � p � �xt *r�6pmshq p;*rp>t�s��msmp
� − p;* p;q���� �6p − ph*rpm�6� ��
;q p;* p��)q �mphq p;*rp6pm�hq�
mp

 t�
h*rs �mt qgp q6*�t6t�s��5s;q − p;* pztmt6t�phq qm*�t�
 � � szt �− � �
� p;*,t ��� �	�xq ph*rs6�msmp���� � �6p 
h* q���
 p;* pmp � sm��

q�p − p;* �;q�p��	�5p − ph*rs � �����)q − q�p��5�;q6* ���qmq p;* pzt5szt�
�
 ph* 
6� �;q �m� p;* pm���z���>s
qyt p;*��	� � q��6� − ph*rsm��� t ��
 p;*,t �m�>t � s
q�s − p;* q�
mp�� t5p tx*r�m��
zt5smp q�p6�;*rs6s 
 �
q�� t � * � q�szt � − ph* ��� � p��ms − � � *rsm�hqyt5�
q � p;*,t�
hq �mtxq − �3* q���
�� � s 
��3*r� � 
mphq
q�� − p;* p 
mp���
6p p;* � smp>tmt5s
q � − p;* q��;qg�ms � − 
m�h* ����
mphq

A = p1 + p2z
2 +

p4

1 + p3z
+ p5ϕ,

B = p6 + p7z
2 +

p8

1 + p9z
+ p10ϕ,

C = p11 − p12ϕ
2 +

p13ϕ
2

1 + p14z
+ p15ϕ,

z = cos2 ϕ.
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A = p1v
2
2 + p2v

2
1 + p3v

2
1v

2
2 + p4v

6
2 + p5v

6
1,

B = 1 + p6v
2
2 + p7v

2
1 + p8v

4
2,

C = 1 + p9v
4
1.
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A = p1 + p2t
2 +

p4

1 + p3t
− p5t,

B = p6 + p7t
2 +

p9t

(1 + p8tq)2
− p10t,

C = p11 −
p12

s(1 + p13z2)3
+ p17s

2,

t = cos2 ϕ, z = cos2(ϕ + p14),

q = sin2(ϕ + p16), s = sin2(ϕ + p15).
��q�� �
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A = p1 + p2z
2 +

p4

1 + p3z
+ p5z,

B = p6 −
p7qb

1 + p11t
2
b

+ p12qbt
2
b ,

C = p13 −
p14qc

1 + p18t2c
+ p19qct

2
c ,

z = cos2 ϕ, tb = cos2(ϕ + p8),

qb = sin2(p9ϕ + p10), tc = cos2(ϕ + p15),

qc = sin2(p16ϕ + p17).
��q � �

� =6�5i|05?on6&h�-�-�"v�:;lh<)f)&h& ��� ��& 
[w80y{.0���nm? ~Iv�=z2)(c:mi|0m(�& � � � *.� =6�5i|05?onm&��Hl �

A = p1v
2
1 + p2v

2
2 + p3v

2
1v

2
2 + p4v

6
1,

B =
√

1 + p6v2
1 + p7v2

2 + p5v8
1 + p8v6

1,

C = 1 + p9v
4
2 + p10v

2
2 + p11v

2
1v

2
2.
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pi
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Rn
AC

i
� �-� �-�-� �Hl

q p;* 
 � ��s �6s − sh* �	�xq�s6� 
 p;* sztmtxqmq � p;* q � � p �mp
t − p;* p�� � s � � − ph* q�s6s � �zp � q � *rp � p�� � p;*rp�
 
hq � �
s p;* smp����mt � ph* q �zszt5smp qmq8t * ����s6s s;* p � � ���6s

[−3]
� − p;* ��s ���m�>t sh*r�ms��z� � � � q�sh* � �6p;q8t s;* ��
��>�mp��

[−7]
� p;*,tmt6t � � � ph* � �m� � � � qyt�
;* s;q � � � * � �;q � � �

[−8]� p;* pms>t q�p�� ph*rp6smpm�6p � s �h* 
>t ��
�� p;* p��z��� �6�
� − p;* p � �>p;q6q ph*rpmp � p � � p;* q����>�;q � qm* � � t�� �mp

[−5]

 �;q6* �5s�� � 
 ph* �>s 
m�6p 
 � �h*rp ��� ��� �)* � p � �;q �

[−8]
� p;* q�� � ��� � − tx* ���5p��>s;q � s;* q�� � pmp6� qm* ��� � �mt �

[−3]q�p − p;* pmp;q 
 � q ph*�t�
��	�5pms � qgszt * p��5� t * qgsm��
mp �
[−4]qmq p;*���
>t � 
hq ph* 
�� 
ms � � p;* p;q 
���s � � * sm� � � q �
[−4]qyt − p;* pmp;qg�ms � − ph*rpms6���xt�p p;* q�pmp>tmt5s

q�s − p;* � 
 � � � � ph* �zp ��s��ms �)* p � � �zp �
q�� qm* � t�
��)q � − ph*rp � 
 ��� t s �6p;*r�>t �xt
q � − p;* p � s�
ms�� ph*r�mp � �3q�s �;* � ���>sm� �
q�� − p;*�� � t � t5� tx* 
 � qyt5p � q � � * �5s �6�
q � − p;* p � s � p>t − ph* 
mp6pztxq�
 � �3qm*rs��m� �
q�
 q6* � ��� �xq�

q�� q6* � ���ms � �

� ? ih:;�30�e � ��
���
���� 
�� � � � ��� ����� � ��� � ��� S � � � � �	��
�� � 
�� � � � ��� ����� � ��� � ���
% � 	�� � ��
�� 
���� 
�� � � ����� � 
���� �	��
�����
 ��� ��� 
� 
 � ��� ��� � ��
�
�� � � � 1)2)& v1 ≤ 25

1;=5�
ih:;�he�l)�'? i3e {3:����+&he�0m1h1)2h=6< ?@&3(}05f)&h=6l)lh��e_v�=z2)( :6i3��*
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pi
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� �-� �-�-� �Hl

q p;* p�� � ��� � − �3* � 
 � t ��
 p;* q�pmp>t �3q p;*�t��mt �mp �
t − p;* pzt �6pmp6� − ph*rpzt � ��
�� p;* pmp � �zs>t p;*rp � 
6� 
��
s s 
 �mtx*rsm�6s − ph*rpmp � �>p�� − p;* � ��
6s���� t *rp � s6� ���

[−3]
� p;*,t � pms 
 � � *�t ��� � � � p;* p � pm�mshq qm* 
mpmp�
m� �

[−7]
� − p;*,t � � � � 
 − ph*�t�phq�� � � p;* pmp�� �mp6p qm* �hqmq ��p 


[−8]� p;* p;q 
zt �3q ph* q 
�� �>s;q − p;* pmszt �;q � p;*rp � t���
m�
� p;* p �6pzt � � − ph* q�s����6t � − p;* pmpmp ����
 t *rp��zs�
zt �

[−5]

 q�p�
;* 
msmp>t ph* �3q � � �zt p;* p����zs;q8t �)*�� � 
��;q8t

[−8]
� qm* pmp ��szt5� tx*r���zt�p ��s − p;* � ����
 �>t qm* qgp;q � �)q

[−3]q�p p;* pm�hq � 
6� − ph*rs 
 � 
6szt p;* pmszt � s�� s;*rshqyt�
;qmq
[−4]qmq p;* � � ��� � � q6*rp � � s��	� p;* p 
6p;q�p�� t * � 
zt�� ���
[−4]qyt q � � * � �m� � ph*rphq�sm�6��� p;* pmshq�� ���

q�s �;* smp6�m�;q � − ph* � p��;qgpm� 
;* �mt �>pms��
q�� − p;* � � q � � p − ph*�t�� ��� � � t * � 
zt5s ���
q � qm*,t�p6smp;q � ph*rp6s�� � 
 � − p;* pm�zt5p��5�q�� p;* p �6� � ��

q � − p;*�� �)qgpms��

� =m�5i|05?@nm& � �

A = p1 + p2t
2 +

p4t

1 + p3t2
− p5t,

B = p6 + p7tq +
p9t

(1 + p8tq)2
− p10t,

C = p11 −
p12t

s(1 + p13z2)3
+ p17st,

q = sin2(ϕ + p15), s = sin2(ϕ + p16),

t = cos2 ϕ, z = cos2(ϕ + p14).
��q � �

� =m�mik0m?onm&��-� �



� 05�5ik&hf30 � �$�I05< ?�&)(}0�i3j6lh��e9wgl30y�;e�l)&;~
v = vmax

4 051)1h2h=6< ?@&3(}0mfh&h=6l)lh�d7 v�=62x�
( :mi|0y7 & (}0m< ?@&3(}08ikjml308~ =mn6l;=z?@&;nmeoi3j6l)0�~ =��S&;�z<60

δmax
051)1)2;=z< ?@&)("05f)&h� 1)2)&

v ≤ vmax
*

�!�*�7�+�	#�# � �-� �-�y�

Rn
AA

�
vmax

t5p t5s t �

δmax
�
% <

qgp
<
q �

<
t�p

Rn
AB

�
vmax

q � q � t �

δmax
�
% <

t5p
<
t�p

<
� p

Rn
AC

�
vmax

q � txq t5�

δmax
�
% <

q �
<
t��

<
t�p

Rp
AB

�
vmax

t6t qgs qgs

δmax
�
% <

t5p
<
�

<
s

Rp
AC

�
vmax

t5s qg� qgs

δmax
�
% <

qgs
<
�

<
t

A = p1 + p2z
2 +

p4

1 + p3z
+ p5ϕ,

B = p6 + p7z
2 +

p8

1 + p9z
+ p10ϕ,

C = p11 + p12z
2 +

p13

1 + p14z
+ p15ϕ,

z = cos2 ϕ.
��q�
 �

� =6�5i|05?on6&h�-�-� �

A = p1 + p2ϕz +
p4

1 + p3z
+ p5ϕ,

B = p6 + p7ϕt +
p8z

1 + p9z2
+ p10ϕ,

C = p11 + p12ϕz +
p14

1 + p13z
+ p15ϕ,

t = sin2

(
2πϕ

0.321750554

)
, z = cos2 ϕ.

��q�� �
� =m�mik0m?onm&��Hl �



A = p1v
2
2 + p2v

2
1 + p3v

2
2v

2
1 + p4v

6
2,

B =
√

1 + p6v
2
2 + p7v

2
1 + p5v

8
2 + p8v

6
2,

C = 1 + p9v
4
1 + p10v

2
1 + p11v

2
2v

2
1.
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4 4m�#2)0��+e�l)&x~;7 ��q � � u � t�p � {.05l)� 4 n�05�5ik&hfheI�;*"� �S&;�z<60[4m�d�

�h&)? i)e�l)&)�K&E051)1h2h=6< ?@&3(}0mfh&)&-lhe
1)2;e�4m=6? 7z=g{|&;n
5%

{3ih~Wn5e 7�wgl30y�;e�l)&)�
v1
&

v2
�6{)i)~

<>=mn5=z2h�d7
Rp

AC
>∼ 10−6 *5�[n�0��5ik&)f;e �${|0mlh� (}0m< ?@&)("08ikjml)�%e�wgl)0y�he�l)&x~

v = vmax
{)i)~

051)1h2h=6< ?�&)(}0mfh&h=6l)l)�$7�v�=623( :mi 4`=6�5i|05?ong~x7�� �u�-�C&n�-�-� �.&�("05< ?@&3(}08ikjml)�%e = �+&h�6<)&
051)1h2h=6< ?�&)(}0mfh&)�

δmax
1h2)&

v ≤ vmax
4 ��nm& 7�=m�mik0m?ong~x7 * 	Cnm&W(}05< ?@&3(}0�i3j6lh��e#= �+&h���

<h&Q45=mwglh&)<60 ��nK1)2h&
v ∼ vmax

�kn5=`e�?on6j`<>=6� {|0`v�0m<;n5=z2h� 1;=g{.0545i)e�l)&;~I=6�he�l)jK(}08ik�
� & n�05<)&3( =m�z2)0�w�=z( lhe`4�ik&x~���nIl30�1h=giklh=me`lhe��;n62h&)lhlh=me ��l;eg2h�o=z4m�d{3eoi3e�l)&;e � *���2)&
v > vmax

l30 �S&�0m1h1)2h=6< ?@&3(}05f)&h=6l)lh��e#v�=623( :mik� ?on�0ml;=z4�~)nm? ~/l;egl)08{3e��`l)�#(�&/&/(��
2;eg<>=z(ce�lx{3:6eg( 1h=yik0m� 0�nmj/?o=6=mnm4me@nm?on64�:����+&he v�0m<;nm=62)� 1;=g{.0545i)e�l)&;~E4/<>=z(}1hj���n5e�2x�
lh�d791)2h=6�@230m(}("0y7�2)0m4ml)�#(�&�l;:mi �_*



��2h&;i)= �+eglh&heSt *|�
e�2)0m4mlh=64me�?@l)���91)2z~3(c=z�E:;2h<z0y��1h2h=6fhe�?@?

�c? i3&/4�1x:6i3j6?@&)2x:����+e��Swg45eow@{3e%2308wg2he��+e�lSlhe�230546l;=z45e�?@l)����1)2z~3(c=z�+:;2)<608� 1)2h=6fhe�?@? �
n5=�{3ih~�l;e��@=�(c= ��lh=�4645e�?on6&+45e@i3&)�h&)l)�

Qnoneq
&

Qbulk
�g:5{k=64�i3e@nm4m=62z~����+&he%?o=m=6nml;=5�

�_e�l)&;~3( � �3* q6q � & � �3*rs6p � *m�9� =6�m=mwgl)0y�)&)(�&x7 �he�2heow
Q

(D)
noneq(y)

&
Q

(D)
bulk(y)

&+4m=5wgjz(ceg(
&xw�=m�mw�=6230���<>=645i)e�4z0�&W{k2 * � q � � � *x��?@2he {kl;~;~�1h=`1;eg2h&h=g{):9<>=yi)e@�>05l)&h� �31h=gi):;�)&)( �

Q
(D)

noneq = Q(D)
eq

(
1 +

1071π2 y2
0

914
+

945π4 y4
0

3656
+

105π6 y6
0

7312

)
,

� t q �
Q

(D)
bulk =

714π2

457
Q(D)

eq

(
y2

0

2
+

15π2 y4
0

68
+

5π4 y6
0

272

)
.

� tmt �
�k{3eg?@j

Q
(D)
eq

uW?�<>=62h=6?onmjKl;e��hnm2)&hl)lh=6�o= ��l;eg2h�o=z4m�d{3eoi3e�l)&x~W{3ih~�2)0m4mlh=645eg?@l;=z�o=�1h2z~;�
(c=6�@=�:;2)<608� 1)2;=zf;eg?@?�0 � ?�(%*6v�=z2)( :6ih:`s;* q�p � � <z05<�&�2305l)j �_e � y0 = δµ/(π2kBT )

*>��2)&
&h?�? i3e {k=6460mlh&)&K1;:mikjm?g05f)&h�-wg4meowo{|� ?
2308wg2he��_eglhl)�#( 1)2z~3(�� ( :;2)<608� 1)2;=zf;eg?@?o=z( 4me �
i3&)�)&hl)�

Q
(D)
noneq

&
Q

(D)
bulk

? i)e {3:6e�n 46<xi � �)05nmj
4
Qnoneq

&
Qbulk

4#:;23054mlhe�l)&x~;7 � �)* szt � &� �)* �>p � *.� =mnm?o:xnm?onm46&;e+?�45e�267;n5eg<x:;�he�?onm&Qlx:;<;i3=6lh=64`46<xi|0y{ 1h2z~k(c=6�o=/:;2)<608� 1)2h=6fhe�?@?�0
4

Q
(D)
noneq

&
Q

(D)
bulk

l30 � u ��1;=z2z~x{|<>=64_46� �+e �>�;ey( 46<xi|0y{�(c=g{k&)v�&hf)&h2h=64z05l)l;=z�o=_:;2)<608�
1h2h=6fhe�?@?g0;*



��2h&;i)= �+eglh&he_s;*)	
l308ik&;nm&)�he�?@<60�~Q051)1h2h=6< ?�&)(}0mfh&;~Iv�:;lh<)fh&)&
Φα

*

� :;lh<)fh& �
Φα(v)

� wy08{|0m4605eg( :�� v�=z2)( :6i)=z� � � *��zs � �k(c= �`lh=`1h2he {|?on�0546&;nmjK4�4m&x{3e��

Φα(v) = 2

∫ ∞

0

8
x

exp
(√

x2 + v2
)

[
exp

(√
x2 + v2

)
+ 1
]2 .

� t�s �
�k{3eg?@j

v = ∆(T )/T
�C� {ke

∆(T )
u �_e@i3j
�Cwy0546&h? ~ ��08~ =6n nm&)1)0 ?@13052)&)4605l)&;~ * �

? i):;�30�eI?@&)l)� i3e@nmlh=6�o= ?@13052)&)4605l)&;~ l;:;<xi3=6lh=64 ?o=z2;n�0
α
v�:;lh<)f)&x~

v
(c= �+e@n �6�%n6j

051)1h2h=6< ?�&)(�&)2h=6460ml)0/46��230 �+eglh&heg( � ?�(%*)��e�45eglhv�& � &I��<>=z4�i3e�4 � ��� � � �

v =
∆(α)(T )

T
=

√
1 − τ

(
1.456− 0.157√

τ
+

1.764

τ

)
, τ =

T

Tcα
.

� t � �
�'? i):;�)05e�n62h&)1xi3e@nmlh=6�@=Q?@13052)&h4z05l)&x~ lhe��hnm2h=6lh=64I(��N&)?@1h=yi3j5w@:6eg( ��v�v�eg<;nm&)4ml;:��
�_eoikj �|<>=mn5=z2)0�~[=z1h2he {keoi)~he@nm? ~�v�=623( :6i)=z� � � * � 
 � � ?�(%*|2308w@{3eoi � *��)* q � * � :;l)<hf)&x~ v(c= �+e@n��z�%nmj�nme�1;eg2hj`0m1h1)2;=z< ?@&3(�&h2h=64z05l30�wy0m4m&)?@&)(�=6?onmj�� � ?�(�*)��<>=z4�i3e�4/&9��e�45e�lx�
v�&�� � q � � � � �

v =
∆

(n)
eff (T )

T
=

√
1 − τ

(
0.7893 +

1.188

τ

)
, τ =

T

Tcn
.

� t � �
� :;lh<)fh&;~

Φα(v)
�z�di|0 2)0m?@?@�)&;n�0ml)0 �)&)? i3e�l)l;= � l;e {|&)lh� ( & ��<>=64�i3e�46�#( � s�� �
4

�+&)2;=z<>=z( {k&3051308wg=6lhe�wgl30y�;eglh&)��1)0m2)06(ce@nm230
v
*x� eow@:mikjyn�0�nm� 2305?��;e@n�0 0m1h1)2h=6< ?@&3(�&x�

2;=z460mlh� v�=623( :6i)=z� � ?�1h23054me {)ik&)45=6�`{3ih~`i ���6�d7
v
&K:5{k=645i)e�nm45=z2z~ ���_eg�-05?�&)(�1hn5=5�

nm&)<>e
Φα =

√
2πv e−v 1h2)& v → +∞ �

Φα =
[
0.9443 +

√
(0.0557)2 + (0.1886v)2

]1/2

exp
(
1.753−

√
(1.753)2 + v2

)
.� t�� �� �+&h�6<)&�051)1h2h=6< ?@&3(}0mfh&)&Ilhe 1h2he�45=z? 7>=g{)~)n

2.6%
*
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2)&;i)= �+e�l)&he �3*h	
1h1)2;=z< ?@&3(}05f)&;=zlhl)�%e_v�=623( :6i3� {3i)~I45eoik&h�)&)l
F1

&
F ′

1

*

�d&)("(ce@nm2)&h�)lh=me�~x{ke�2)l;=6e 45e��+e�?onm4m=

� ?@&)("(ce@nm2)&h�)lh=z( ~x{ke�2)l;=>( 45e��+e�?onm4me
δ = 0

* �C45eo{3eg( 45=yikl;=z45=6e �)&)? i3=

kFsym = (3π2nb/2)1/3 *z� 2)0mv�&)<)&Sv�:;lh<)f)&h� F1
&

F ′
1

4 w8054m&)?@&3(c=6?@nm&_=6n
kFsym

{.05l)�
{)i)~S1h=mn5eglhf)&)0�i)=z4�45wy0m(�=�{ke��)?onm46&h� � �.`h�
&Ob|�	�F8]`h� 4�2)05�m=mnmed� � �g< ?o=6l30 &_{k2 * � � s��
� ?�(%*8n�0m< �+e 2)0�wo{keoi � * �3*�t � *6��� 051)1h2h=6< ?@&3(�&)2;=z460�i3& �@nm&�v�:;lh<)fh&)&�1)2;=z?onm�#(}&/0ml)08�
i3&hnm&)�;eg?@<h&3(�&`v�=623( :6ik06(�& �>?�1h23054me {)ik&)4m�#(}&�1h2)&

1.2
v�( −1 ≤ kFsym ≤ 2.0

v�( −1 *
��ih~I45wy05&3(c=g{3eg�h?on64m&;~ � �Y`h��(��'1h=gi):;�)&xik& �

F1(nb, 0) = −0.6854 + 0.6724 kFsym − 0.5180 (kFsym)2 ,
� t � �

F ′
1(nb, 0) = 1.723− 1.520 kFsym + 0.03498 (kFsym)2 ,

� t�
 �
0_{)i)~I4�wy0m&)(�=�{ke��)?onm46&x~hb|�	�F8 `h� �

F1(nb, 0) = 1.034− 1.866 kFsym + 0.5455 (kFsym)2 ,
� t � �

F ′
1(nb, 0) = 0.6973 + 0.1403 kFsym − 0.5303 (kFsym)2 .

� smp �
!�&)?on5=6e�lhe��hnm2h=6l)l;=6e_45e��+e�?onm4m=

� �h&)?on5=>(l;e��hnm2h=6l)l;=>(N45e �_e�?on645e
δ = 1

*"� 230��m=6n5eE� � ��< ?o=6l30[& {|2 *�� � s ��1h2)&x�
45e {ke�l)� w8054m&)?@&3(c=6?@nm&

F1
=6n 45=yi3lh=64m=6�o=[�)&h? ik0

kFpure = (3π2nb)
1/3 � ?�(%* 2)0�wo{keoi

� *��)*�t � *��ih~_4�w805&3(c=g{3e��)?onm46&x~ � ��`h��l30 ��0�051)1h2h=6< ?@&3(}0mfh&h=6l)l)0�~+v�=z2)(c:mi|0�&)(ce�e@n 46& { �

F1(nb, 1) = 0.1473 + 0.7372 kFpure − 1.0414 (kFpure)
2 + 0.1958 (kFpure)

3 ,
� s;q �

0_{)i)~I4�wy0m&)(�=�{ke��)?onm46&x~hb|�	�F8 `h� �

F1(nb, 1) = −0.2729+ 1.5545 kFpure − 1.3225 (kFpure)
2 + 0.2393 (kFpure)

3 .
� szt �

�_=623( :mik� � shq � & � s>t � 1)2)0m4m&;i3j6l;=�=61)&)?@��4z0���n[1;=z45e {ke�l)&;e`v�:;lh<)f)&h& F1(nb, 1)
4

&hlhn5e�2)460�i)e
0.75 fm−1 ≤ kFpure ≤ 3.0 fm−1 *


